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Abstract

We study the problem of triangulating a smooth closed

implicit surface Σ endowed with a 2D metric tensor that

varies over Σ. This is commonly known as the anisotropic

surface meshing problem. We extend the 2D metric tensor

naturally to 3D and employ the 3D anisotropic Voronoi

diagram of a set P of samples on Σ to triangulate Σ. We

prove that a restricted dual, Mesh P , is a valid triangulation

homeomorphic to Σ under appropriate conditions. We also

develop an algorithm for constructing P and Mesh P . In

addition to being homeomorphic to Σ, each triangle in

Mesh P is well-shaped when measured using the 3D metric

tensors of its vertices. Users can set upper bounds on the

anisotropic edge lengths and the angles between the surface

normals at vertices and the normals of incident triangles

(measured both isotropically and anisotropically).

1 Introduction
Many applications in science and engineering need to
mesh a smooth closed surface Σ for numerical simu-
lations, prototyping, rendering and various other pur-
poses. A variety of algorithms and software systems
based on them have been developed for the problem by
the mesh generation, computer graphics, and image pro-
cessing communities, e.g. [4, 12, 15, 17, 19, 21]. A subset
of them focus on implicit surfaces, e.g. [4, 15, 17, 19].
An implicit surface representation is appealing for the
relative ease in combining surfaces, computing line-
surface intersection, and carrying out the inside/outside
test. In this representation, there is an implicit function
E : R

3 → R and Σ is its zero-set E(x) = 0. The surface
Σ can have arbitrary genus.

Despite the experimental success, it is not until re-
cently that some algorithms have been designed with
a guarantee about output quality: specifically, the out-
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put triangulation being homeomorphic to the input sur-
face Σ and being geometrically close to it. Cheng, Dey,
Edelsbrunner, and Sullivan [10] designed a meshing al-
gorithm for skin surfaces in molecular modeling. Bois-
sonnat and Oudot [6] and Cheng, Dey, Ramos, and
Ray [11] proposed algorithms for general implicit sur-
faces. Although both algorithms sample points and
compute a restricted Delaunay triangulation, they dif-
fer in many ways. In particular, a lower bound estima-
tion of the local feature size is needed in [6] where crit-
ical point computations replacing local feature size are
required in [11]. Boissonnat, Cohen-Steiner, and Vet-
ger [7] designed an algorithm to approximate the level
sets of the implicit function, which yields an isotopic
surface triangulation.

The above certified meshing algorithms are de-
signed for the isotropic setting in which nearly equi-
lateral triangles are used. Sometimes, long and skinny
triangles offer better approximation because they adapt
to the principal curvatures of the surface. They are
also preferred in numerical simulations where the phys-
ical phenomena are strongly directional. These applica-
tions call for an anisotropic triangulation. The general
formulation is to associate a 2D metric tensor Mx, a
2×2 positive definite symmetric matrix, with each point
x ∈ Σ. Its eigenvalues 0 < kx,1 ≤ kx,2 and correspond-
ing orthogonal unit eigenvectors dx,1 and dx,2 specify
the following deformation on the tangent plane at x.
Any point z on the tangent plane is mapped to the point
x+〈 z−x, dx,1 〉·

√
kx,1 dx,1+〈 z−x, dx,2 〉·

√
kx,2 dx,2. So

the distance components along dx,1 and dx,2 are scaled
by factors

√
kx,1 and

√
kx,2, respectively. We call

√
kx,1

and
√
kx,2 the scaling factors and dx,1 and dx,2 the prin-

cipal directions. The points on the tangent plane at dis-
tance 1 from x (measured using Mx) lie on an ellipse
centered at x with dx,1 as the major axis. To adapt to
Mx, the surface mesh triangles near x should be elon-
gated in direction dx,1.

Few theoretical results are known for the anisotropic
triangulation problem. Algorithms were obtained re-
cently for the problem of computing a 2D conformal
anisotropic triangulation of a planar straight line graph
with no angle much less π/2 [8, 16]. The definition of
anisotropic Voronoi diagram originates from the work of
Labelle and Shewchuk [16]. A surface associated with
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a varying metric tensor is a Riemannian manifold. Lei-
bon and Letscher [18] showed that if the sampling den-
sity is sufficiently high, the dual of the Voronoi diagram
defined using the shortest path distance is a valid tri-
angulation. Unfortunately, this distance calculation is
computationally difficult and it is unclear how to obtain
the samples in the first place.

In this paper, we assume that the largest scaling
factor at any point x ∈ Σ is bounded from above, but
we do not need to know the bound. We assume an
oracle to return Mx for each point x ∈ Σ, but we do
not need a closed form formula for generating Mx. The
metric tensor should vary smoothly and we will make
this concrete later. We extend Mx to a 3D metric
tensor by adding a distance component with scaling
factor

√
kx,2 in the normal direction at x. On planes

parallel to the tangent plane at x, the 3D metric tensor
measures angles and lengths identically as Mx. Then
we employ the 3D anisotropic Voronoi diagram of a set
P of samples on Σ to triangulate Σ. It is known that
the dual of a 3D anisotropic Voronoi diagram may not
be a valid tetrahedralization [8, 16]. However, we show
that a restricted dual, MeshP , is a valid triangulation
homeomorphic to Σ under appropriate conditions. (See
Theorem 5.1.)

We develop an incremental point insertion algo-
rithm to grow P as in the isotropic case [11]. The final
MeshP is homeomorphic to Σ. Users can specify two
upper bounds � and ζ such that the edge length is at
most � when measured using the 3D metric tensors of
the edge endpoints, and the surface normal at a vertex
makes an angle at most ζ with the normal of any inci-
dent triangle. The bound ζ also holds when the angle
is measured using the 3D metric tensor of the vertex.
Each triangle in MeshP has bounded aspect ratio when
measured using the 3D metric tensors of its vertices.
When ζ is small, a triangle will be almost parallel to
the tangent planes at its vertices. Then bounded aspect
ratio in the anisotropic setting implies that for each tri-
angle vertex x, the triangle is elongated more or less in
the direction dx,1 as desired.

2 Metric extension and preliminaries
Vector and matrix. We use ‖ · ‖ to denote the l2-norm
and the matrix 2-norm. So ‖(a, b, c)t‖ =

√
a2 + b2 + c2.

For a real symmetric matrix A, take the absolute values
of its eigenvalues and let λmax and λmin be the largest
and smallest ones, respectively. Then ‖A‖ = λmax and
‖A−1‖ = 1/λmin.

3D metric tensor. At each point x ∈ Σ, we define a 3D
metric tensor Kx = U t

x · Dx · Ux, where Dx is a 3 × 3
diagonal matrix with entries kx,1, kx,2, and kx,3 from top

left to bottom right. The matrix Ux is a 3×3 matrix and
it transforms space so that the principal directions and
the unit outward normal at x become the coordinate
system. The new entry kx,3 should be chosen so that
kx,3 ≥ kx,2. A natural choice is kx,3 = kx,2 and this
corresponds to inflating the “unit ellipse” on the tangent
plane at x into a “unit ellipsoid” in 3D. If desired, one
can also choose kx,3 to be greater than kx,2. Our results
hold as long as maxx∈Σ kx,3 is bounded from above. One
can express Kx = F t

x · Fx, where Fx = U t
x ·D′

x · Ux and
the diagonal entries of D′

x are
√
kx,1,

√
kx,2, and

√
kx,3

from top left to bottom right. From the perspective of x,
the distance between two points a, b ∈ R

3 is ‖Fx·(b−a)‖.
3D Linear map. For any point x ∈ Σ, we define a map
ϕx such that for any point b ∈ R

3, ϕx(b) = Fx · b. For
any subset B ⊆ R

3, we use ϕx(B) to denote {ϕx(b) :
b ∈ B}. We call R

3 the primal space and ϕx(R3) the
ϕx-space. We extend the notation ϕx(·) in several ways
to ease the presentation. If we write a vector d ∈ R

3 as a
triple of real numbers, then Fx ·d is the vector in the ϕx-
space that d is mapped to. We use ϕx(d) to denote Fx ·d.
Given two vectors d1 and d2, we use ∠d1, d2 to denote
the angle between d1 and d2 and we use ϕx(∠d1, d2)
to denote ∠ϕx(d1), ϕx(d2). Given three points a, b, c,
we use ∠abc to denote ∠a − b, c − b. Given two
points a, b ∈ R

3, we use dx(a, b) to denote the distance
‖ϕx(a) − ϕx(b)‖ in the ϕx-space. In the ϕx-space, x’s
distance metric becomes isotropic. If y’s distance metric
is nearly isotropic in the ϕx-space, the bisector surface
of ϕx(x) and ϕx(y) intersects the segment ϕx(xy) at
nearly right angle and the bisector surface is nearly
perpendicular to ϕx(xy) near the intersection point.
Collinearity and incidence are preserved by ϕx. If a
planeH is tangent to Σ, ϕx(H) is also tangent to ϕx(Σ).
Angles are not preserved in general. But if d1 is a
normal vector at x and d2 is orthogonal to d1, then
ϕx(d1) and ϕx(d2) are also orthogonal.

Propagating the metric. The medial axis X of Σ is the
set of centers of maximal balls empty of points on Σ.
For any point x ∈ Σ, the local feature size f(x) is the
distance from x to X . For any point p ∈ R

3 \ X , we
use p̃ to denote the closet point on Σ to p. Define Σ∗ to
be the set of points p whose distance from Σ is at most
f(p̃)/2. For each p ∈ Σ∗, define Fp = Fp̃ and Kp = Kp̃.
The set of points Σ∗ \ Σ and their matrices are only
needed for analysis and our algorithm never computes
them.

Distortion. The relative distortion between two points
p, q ∈ Σ∗ is τpq = max{‖Fp · F−1

q ‖, ‖Fq · F−1
p ‖}. We

have dp(a, b) = ‖Fp · (a − b)‖ ≤ ‖Fp · F−1
q ‖ · dq(a, b) ≤

τpqdq(a, b). Conversely, we also have dp(a, b) ≥



dq(a, b)/τpq. Define τ∗ = (65/64)1/4. For each point p ∈
Σ∗, let γ(p) denote max{λ ∈ R : ∀q ∈ Σ∗, dp(p, q) ≤
λ ⇒ τpq ≤ τ∗}. We assume that Fx varies smoothly
over x ∈ Σ so that minp∈Σ∗ γ(p) is strictly positive. For
any points x, y ∈ Σ, we define fx(y) to be the distance
from ϕx(y) to the medial axis of ϕx(Σ) in the ϕx-space.
Define γ = min{minp∈Σ∗ γ(p), minx∈Σ fx(x) }. Thus if
dx(x, y) ≤ γ, then τxy ≤ τ∗. The value γ defines a
neighborhood of x in which the geometry and the met-
ric tensor do not vary much. The value γ is only needed
for analysis and our algorithm never computes it.

Anisotropic Voronoi diagram. Let P be a finite set of
points on Σ. The anisotropic Voronoi cell of u ∈ P is
Vu(P ) = {p ∈ R

3 : ∀v ∈ P, du(p, u) ≤ dv(p, v)}. For
0 ≤ j ≤ 3, the closed faces shared by 4− j Voronoi cells
are called j-dimensional Voronoi faces. We denote a 2-
dimensional Voronoi facet Vu(P )∩Vv(P ) by Vuv(P ) and
a 1-dimensional Voronoi edge Vu(P )∩Vv(P )∩Vw(P ) by
Vuvw(P ). The anisotropic Voronoi diagram VorP is the
collection of Voronoi cells together with their boundary
faces. The diagram VorP is the lower envelope of
|P | surfaces in R

4. It has O(|P |4+ε) complexity [20].
The restricted dual, MeshP , is a simplicial complex
comprising of the points in P , the edges uv such that
Vuv(P ) ∩ Σ = ∅, and the triangles uvw such that
Vuvw(P ) ∩ Σ = ∅.
Wedge and visibility. Let Q be a set of points on Σ.
Define the wedge of Q to be wedge(Q) = {x ∈ R

3 :
ϕvi(∠xvivj) < π/2, ∀vi, vj ∈ Q}. By definition,
wedge(Q) is an open set.

Lemma 2.1. Let τ > 1 be a constant. Let v1 and v2 be
points on Σ. Let x be a point in Vv1v2({v1, v2}).
(i) If x ∈ wedge({v1, v2}), the interior of the segment

vix lies strictly inside Vvi({v1, v2}).
(ii) If x ∈ wedge({v1, v2}) and τv1v2 ≤ τ , then

dvi(vi, x) ≥ 1√
τ2−1

·min{dv1(v1, v2), dv2 (v1, v2)} for
1 ≤ i ≤ 2.

(iii) Let Q be a set of points on Σ such that τvw ≤ τ for
any v, w ∈ Q. If the segment vp does not lie inside
Vv(Q) for some point p on the boundary of Vv(Q),
then dv(v, p) ≥ 1√

τ2−1
· min{dv(v, w), dw(v, w)} for

some w ∈ Q.

Proof. (i) and (ii) have been proved in [16]. Con-
sider (iii). As we walk from v towards p along vp,
we must leave Vv(Q) and then reenter Vv(Q) at
some point q. The point q lies on Vvw(Q) for some
w ∈ Q, and vq does not lie inside Vv({v, w}). By (i),
q ∈ wedge({v, w}). Then by (ii), dv(v, p) ≥ dv(v, q) ≥

1√
τ2−1

· min{dv(v, w), dw(v, w)}.

3 Surface normal variation

For any point v, x ∈ Σ, we use n(x) to denote the
unit outward normal of Σ at x and nv(x) to denote
the unit outward normal of ϕv(Σ) at ϕv(x). Note
that nx(x) = n(x) for any point x ∈ Σ. The main
results in this section, as stated in Lemma 3.2 below,
are concerned with the variation of the surface normal.
Lemma 3.2(i) states that if two points v1, v2 ∈ Σ
are very near in the ϕv1 -space, the segment ϕv1(v1v2)
is nearly orthogonal to nv1(v1). The first half of
Lemma 3.2(ii) states that if v1 and v2 are very near
in the ϕv-space, then ∠nv(v1),nv(v2) is small. These
results are the anisotropic versions of known results in
the isotropic setting [2, 10]. Their proofs are the same
too. Lemma 3.2(ii) states further that if v1 and v2 are
very near in the ϕv1 -space, then ∠n(v1),n(v2) is small.
This requires transferring the normal deviation in the
ϕv1 -space to the primal space, although v1 and v2 may
be far apart in the primal space. The following result
enables the transfer.

Lemma 3.1. Let x be a point on Σ. Let H be a plane
in the primal space. Let d1 denote a vector normal to H
that makes an acute angle with n(x). Let d2 denote a
vector normal to ϕx(H) that makes an acute angle with
nx(x). Then ∠n(x), d1 ≤ ∠nx(x), d2.

Proof. Orient R
3 so that the principal directions

and the outward surface normal at x form the co-
ordinate system. Then nx(x) = n(x) = (0, 0, 1)t

points vertically upward. By our orientation of R
3,

Fx is a diagonal matrix and its diagonal entries
are

√
kx,1,

√
kx,2 and

√
kx,3 from top left to bot-

tom right. Assume that d2 = (a, b, c)t. For any
vector u = (e1, e2, e3)t parallel to the plane H ,
〈 d2, Fx · u 〉 =

√
kx,1 ae1 +

√
kx,2 be2 +

√
kx,3 ce3 =

〈Fx · d2, u 〉. Observe that Fx · u is a vector parallel
to ϕx(H). Thus, 〈 d2, Fx · u 〉 = 〈Fx · d2, u 〉 = 0.
Since this holds for any vector u parallel to H ,
Fx · d2 is normal to H . Consider cos∠nx(x), d2 =
〈nx(x), d2 〉/(‖nx(x)‖ · ‖d2‖) = c/

√
a2 + b2 + c2. Since

∠nx(x), d2 < π/2 by assumption, we conclude that
c > 0. If Fx · d2 and d1 have opposite orientations, then
cos∠n(x), d1 = 〈n(x),−(Fx ·d2) 〉/(‖n(x)‖·‖Fx ·d2‖) =
−c√

kx,3/D, where D =
√
kx,1a2 + kx,2b2 + kx,3c2.

But then cos∠n(x), d1 is negative, contradicting the
assumption that ∠n(x), d1 < π/2. So cos∠n(x), d1 =
c
√
kx,3/D ≥ c/

√
a2 + b2 + c2 = cos∠nx(x), d2. Hence,

∠n(x), d1 ≤ ∠nx(x), d2.



Recall that for any point on Σ, the value γ defines
a neighborhood in which the geometry and the metric
tensor do not vary much.

Lemma 3.2. Define the function α(c) = c/(1−4c). Let
v1, v2 be points in Σ.

(i) Let φ = ∠ϕv1(v2 − v1),nv1(v1). Then dv1(v1, v2) ≥
2γ cos(min{φ, π − φ}).

(ii) Let v be a point in Σ. If dv(v1, v2) ≤ cγ for some
constant c < 1/4, then ∠nv(v1),nv(v2) ≤ α(c). If
v = v1, then ∠n(v1),n(v2) ≤ ∠nv1(v1),nv1(v2) ≤
α(c).

Proof. Applying the original proof in [10] in the ϕv1 -
space proves (i). Consider (ii). Applying the original
proof in [2] in the ϕv-space bounds ∠nv(v1),nv(v2).
Suppose that v = v1. Let B be the ball in the
ϕv1 -space centered at ϕv1(v1) with radius cγ. Because
the radius of B is less than fv1(v1), it is known that
B ∩ ϕv1(Σ) is a topological disk [5]. We go back to
the primal space. Let v2 be a point in ϕ−1

v1
(B) ∩ Σ.

We first show that ∠n(v1),n(v2) < π/2. Assume
to the contrary that ∠n(v1),n(v2) ≥ π/2. Since
ϕ−1

v1
(B) ∩ Σ is connected, there is a path from v1 to v2

in ϕ−1
v1

(B) ∩ Σ. So there is a point v3 ∈ ϕ−1
v1

(B) ∩ Σ
on this path such that ∠n(v1),n(v3) = π/2. But
then nv1(v3) is also orthogonal to nv1(v1), contra-
dicting the fact that ∠nv1(v1),nv1(v3) ≤ α(c) as
dv1(v1, v3) ≤ cγ. So we have ∠n(v1),n(v2) < π/2
and ∠nv1(v1),nv1(v2) ≤ α(c) < π/2. By applying
Lemma 3.1 to v1 and the tangent plane at v2, we get
∠n(v1),n(v2) ≤ ∠nv1(v1),nv1(v2).

4 Triangles

Let t = v1v2v3 be a triangle with vertices on Σ. We
use n(t) to denote the normal of t in the primal space
that makes an acute angle with n(vi), where vi is the
vertex with the largest angle in t. Similarly, for any
point v ∈ Σ, nv(t) denotes the normal of ϕv(t) that
makes an acute angle with nv(vj), where ϕv(vj) is the
vertex with the largest angle in ϕv(t). We use length(t)
to denote min1≤i≤3 si, where si is the minimum side
length of ϕvi(t). The main results in this section are
that under suitable conditions, ϕvi(t) is well-shaped
(Lemma 4.1), both ∠nvi(t),nvi(vi) and ∠n(t),n(vi) are
small (Lemma 4.2), and the dihedral angles between
adjacent triangles are close to π (Lemma 4.4). The
analogous version of Lemma 4.1 in the plane has been
proved in [16].

In the isotropic setting, a triangle is well-shaped
if its radius-edge ratio (the ratio of circumradius to

shortest edge length) is bounded. In our case, the ratio
dvi(vi, z)/length(t), where z ∈ Vt({v1, v2, v3}), plays
a critical role. Recall that τ∗ denotes the constant
(65/64)1/4.

Lemma 4.1. Let ρ ∈ (1,
√

2] be a constant. Let
t = v1v2v3 be a triangle with vertices on Σ. As-
sume that dvi(vi, z) ≤ 4ρ · length(t) for some point
z ∈ Vt({v1, v2, v3}). Let v ∈ Σ be a point such that
τvvi ≤ τ∗ for 1 ≤ i ≤ 3. Then for each angle φ of t,
ϕv(φ) ≥ sin−1(χ), where χ = 1−32(τ4

∗−1)
128τ2∗

. Hence, the
radius-edge ratio of ϕv(t) is at most ρ1 = 2/χ.

Proof. We go to the ϕv-space. Let ai = ϕv(vi) for
1 ≤ i ≤ 3. Let y = ϕv(z). Let x be the projection of y
onto the plane of ϕv(t).

Each triangle edge incident to ai bounds an open
halfplane disjoint from ϕv(t). We call the intersection
of these two open halfplanes the negative cone of ai.
We claim that x does not lie in the negative cone of any
ai. Assume to the contrary that x lies in the negative
cone of a1. Then ∠a2a1x or ∠a3a1x is at least π/2,
say ∠a2a1x. So ∠a2a1y ≥ π/2 too. This implies that
|a2y|2 ≥ |a1y|2 + |a1a2|2. Since τvvi ≤ τ∗ for all vi,
we have |a2y| ≤ τ∗dv2(v2, z) = τ∗dv1(v1, z), |a1y| ≥
dv1(v1, z)/τ∗, and |a1a2| ≥ dv1(v1, v2)/τ∗. It follows
that τ4

∗ dv1(v1, z)2 ≥ dv1(v1, z)2 + dv1(v1, v2)2. But
then dv1(v1, z) ≥ dv1(v1, v2)/

√
τ4∗ − 1 = 8dv1(v1, v2) >

4ρ · dv1(v1, v2), contradicting our assumptions.
By our claim, there exists a vertex ai such that aix

stabs a1a2a3, say a2x. Let r = dvi(vi, z) for 1 ≤ i ≤ 3.
The following inequalities will be useful later:

|aiy| ≤ τ∗r.
|aiy| ≥ r/τ∗.
|aiaj | ≥ dvi(vi, vj)/τ∗ ≥ r/(4τ∗ρ).

Note that τ∗ + 1/τ∗ > 1/(4τ∗ρ) and 1/(4τ∗ρ) +
1/τ∗ > τ∗. This implies that one can form a triangle
bybibj such that |biby| = r/τ∗, |bibj| = r/(4τ∗ρ), and
|bjby| = τ∗r. Since bjby is the longest edge in the
triangle bybibj , both ∠bibybj and ∠bibjby are acute.
Since |biby| ≤ |aiy|, |bibj| ≤ |aiaj | and |bjby| ≥ |ajy|,
by scaling |bjby| down to |ajy| and considering the
circumcircle of bybibj, one can show that ∠bybibj ≥
∠yaiaj . Applying the law of cosines yields

cos∠bybibj =
1 − 16(τ4

∗ − 1)ρ2

64τ2∗ρ2
· 8τ2

∗ρ.

By substituting ρ ≤ √
2, we get cos∠bybibj ≥ 8χτ2

∗ ρ.
Thus ∠bybibj is acute and so is ∠yaiaj. It follows that
∠yaiaj ≤ cos−1(8χτ2

∗ ρ). If ∠xaiaj ≥ π/2, then ∠yaiaj

would be at least π/2 too, which is impossible. Thus



∠xaiaj < π/2 and so

∠xaiaj ≤ ∠yaiaj ≤ cos−1(8χτ2
∗ρ).

Recall that a2x stabs a1a2a3. The support line of
a2x cuts a1a3 at a point c. Without loss of generality,
assume that ∠a2ca3 ≤ π/2. Then ∠a2a3a1 ≥ π/2 −
∠xa2a3 ≥ π/2 − cos−1(8χτ2∗ρ) = sin−1(8χτ2∗ρ). In
order to lower bound ∠a3a1a2 and ∠a1a2a3, there are
two cases to consider depending on the acuteness of
∠a2a3a1. First, for any i and j, |aiaj | ≤ dv(vi, z) +
dv(vj , z) ≤ τ∗dvi(vi, z) + τ∗dvj (vj , z) = 2τ∗r.

Suppose that ∠a2a3a1 ≤ π/2. By the law of
sines, sin∠a3a1a2 = (|a2a3| sin ∠a2a3a1)/|a1a2|. Thus
sin ∠a3a1a2 ≥ r

4τ∗ρ · 8χτ2
∗ρ · 1

2τ∗r = χ. Thus, ∠a3a1a2 ≥
sin−1(χ). Similarly, ∠a1a2a3 ≥ sin−1(χ).

Suppose that ∠a2a3a1 > π/2. In this case,
x must lie inside the triangle a1a2a3. Otherwise,
∠a2a3a1 ≤ ∠xa3a2 which has been proved to be
acute, a contradiction. Since x lies inside the triangle
a1a2a3, ∠a2a3a1 ≤ ∠xa3a2 +∠xa3a1 ≤ 2 cos−1(8χτ2∗ρ).
Since ∠a2a3a1 > π/2, sin ∠a2a3a1 is minimized when
∠a2a3a1 is maximized. Thus, by the law of sines,
sin ∠a3a1a2 ≥ r

4τ∗ρ · sin(2 cos−1(8χτ2∗ρ)) · 1
2τ∗r =

2χ sin(cos−1(8χτ2
∗ρ)). By our choices of τ∗, χ and

ρ, sin(cos−1(8χτ2
∗ ρ)) > 1/2. So sin∠a3a1a2 ≥ χ,

implying that ∠a3a1a2 ≥ sin−1(χ). Similarly,
∠a1a2a3 ≥ sin−1(χ).

From now on, we reserve ρ to express the bound on
dvi(vi, z)/length(t), sin−1(χ) to express the lower bound
on the angles of ϕv(t), and ρ1 = 2/χ to express the
bound on the radius-edge ratio of ϕv(t), where v, vi

and t are as described in Lemma 4.1.
Lemma 4.2 below analyzes the normal of t and

distance of t to Σ. The original proof in [3] proves (i):
bounding ∠nv(t),nv(vi) for any point v ∈ Σ nearby.
Then we use Lemma 3.1 to prove (ii): transferring this
angle bound to the primal space. Lastly, every point in
t is close to Σ as stated in (iii).

Lemma 4.2. Define the function β(c) = sin−1(c) +
sin−1(2 sin(2 sin−1(c))/

√
3). Let ρ ∈ (1,

√
2] and ρ1 =

2/χ be two constants. Let t = v1v2v3 be a triangle with
vertices on Σ. Assume that dvi(vi, z) ≤ 4ρ · length(t) for
some point z ∈ Vt({v1, v2, v3}). For sufficiently small
constant c, the following hold:

(i) if v is a point on Σ with dv(v, vi) ≤ cγ for 1 ≤
i ≤ 3, then for 1 ≤ i ≤ 3, ∠nv(t),nv(vi) ≤
β(2ρ1c) + α(2c);

(ii) if dvi(vi, vj) ≤ cγ for 1 ≤ i, j ≤ 3, then for
1 ≤ i ≤ 3, ∠n(t),n(vi) ≤ β(2ρ1c) + α(2c);

(iii) if v is a point on Σ with dv(v, vi) ≤ cγ for 1 ≤ i ≤
3, then for any point p ∈ t, ϕv(p)+λ·nv(v) ∈ ϕv(Σ)
and p + λ′ · n(v) ∈ Σ for some λ, λ′ such that
|λ| < 40ρ2

1c
2γ and |λ′| < 40ρ2

1cγ.

To lower bound the dihedral angle between two
triangles t1 = v1v3v4 and t2 = v2v3v4 sharing the edge
v3v4, our approach is to prove that the dihedral angle
between ϕv3(t1) and ϕv3(t2) is large in the ϕv3 -space.
Then we transfer this bound to the primal space using
Lemma 4.2(ii). We can do this only when t1 and t2 are
sufficiently small. So we introduce some parameters to
control the size of triangles. Let ω ∈ (0,

√
1 − 1/τ∗) be

a parameter. Define the following:

• τω = 1/(1 − ω2),

• ∀x ∈ Σ∗, cω,x = max{λ ≤ 1/2 : ∀y ∈ Σ∗, dx(x, y) ≤
3λγ ⇒ τxy ≤ τω},

• cω = min{ω3,minx∈Σ∗ cω,x}.
The parameter τω is less than τ∗ and τω approaches 1 as
ω decreases. This reflects a tigher allowance for metric
distortion. Then cω,xγ measures the neighborhood size
of a point x ∈ Σ∗ in which the metric distortion is at
most τω. Finally, we will use the global minimum cωγ to
control the triangle size. As ω decreases, cωγ approaches
zero. In defining cω, we take a minimization with ω3 and
this will be useful in the proof of Lemma 5.1.

The dihedral angle bound between ϕv3(t1) and
ϕv3(t2) is obtained by showing that the tangents to the
dual Voronoi edges of ϕv3(t1) and ϕv3(t2) are nearly
orthogonal to ϕv3(Σ) around ϕv3(v3), and the two
dual Voronoi edges intersect the planes of ϕv3(t1) and
ϕv3(t2). The exact statements are given in Lemma 4.3
below. Its proof is omitted.

Lemma 4.3. Let ρ = (1,
√

2] and ρ1 = 2/χ be two
constants. Let t = v1v2v3 be a triangle with vertices
on Σ. Assume that dvi(vi, z) ≤ cωγ and dvi(vi, z) ≤
ρ · length(t) for some point z ∈ Vt({v1, v2, v3}) ∩ Σ.
Let Bi be the ball centered at ϕvi(z) in the ϕvi-space
with radius 3 · length(t). Then the following hold for
sufficiently small ω.

(i) For all point y ∈ Vt({v1, v2, v3}) ∩ ϕ−1
vi

(Bi), the
acute angle between nvi(t) and the tangent to
ϕvi(Vt({v1, v2, v3})) at ϕvi(y) is O(ω).

(ii) Define the function ψ(c) = 2 tan(sin−1(c/2) +
β(6ρ1c) + α(6c)). Let H be the plane of t.
Vt({v1, v2, v3})∩ϕ−1

vi
(Bi) contains a curve segment

η that contains z in its interior and intersects H
exactly once at an endpoint. For any point y ∈ η,
dvi(y, z) ≤ ψ(cω) · dvi(vi, z).



Using Lemma 4.3, we can orient ϕv3(t1) and ϕv3(t2)
in anti-clockwise order, when viewed from infinity in
direction nv3(v3), such that ϕv3(v3v4) receive opposite
orientations from ϕv3(t1) and ϕv3(t2). This allows us to
argue that ϕv3(t1) and ϕv3(t2) lie on opposite sides of a
plane ϕv3(G) through ϕv3(v3v4) and parallel to nv3(v3).
Then the dihedral angle bound for ϕv3 (t1) and ϕv3(t2)
follows by applying Lemma 4.2(i). When we go back to
the primal space, t1 and t2 also lie on opposite sides of G
and the dihedral angle bound between t1 and t2 follows
by Lemma 4.2(ii). The exact statements are given in
the next lemma. Its proof is omitted.

Lemma 4.4. Let ρ ∈ (1,
√

2] and ρ1 = 2/χ be two
constants. Let P be a set of vertices on Σ. Let t1 =
v1v3v4 and t2 = v2v3v4 be two adjacent triangles where
vi ∈ P . Assume that for 1 ≤ j ≤ 2, Vtj (P )∩Σ is a single
point zj, Vv3v4(P )∩Σ contains only one curve joining z1
and z2, and for any vertex v of tj, dv(v, zj) ≤ cωγ and
dv(v, zj) ≤ ρ · length(tj). Then for sufficiently small
ω, the dihedral angle between ϕv3(t1) and ϕv3(t2) as
well as the dihedral angle between t1 and t2 are at least
π − 2β(4ρ1cω) − 2α(4cω).

5 Topological results
Consider the function that maps a point away from
the medial axis of Σ to its nearest point on Σ. Let
µ be the restriction of this function to MeshP . The
main results in this section are given in Theorem 5.1:
µ is a homeomorphism between MeshP and Σ under
suitable conditions. We will need a lower bound on the
interpoint distances. Define

εω = 1000τ2
ωρ

2
1ωcω.

The lower bound on interpoint distances is εωγ. We
first show in Lemma 5.1 below that µ is injective on the
vertices in P .

Lemma 5.1. Let ρ ∈ (1,
√

2] be a constant. Let P be a
set of points on Σ. There exists a value ω0 such that
for any point v ∈ P , µ−1(v) = {v}, provided that the
following conditions hold for some ω ≤ ω0.

• For any points a, b ∈ P , da(a, b) ≥ εωγ.

• For any triangle t = v1v2v3 in MeshP , dvi(vi, z) ≤
ρ · length(t) and dvi(vi, z) ≤ cωγ for some point
z ∈ Vt(P ) ∩ Σ.

Proof. (Sketch) Let m be the center of a medial ball
M in the primal space that touches Σ at v. We go
to the ϕv-space. Note that ϕv(vm) lies on the normal
line through ϕv(v). Take a medial ball M ′ of ϕv(Σ) at
ϕv(v) that intersects ϕv(vm). Let ϕv(m′) be the center

of M ′. Since the scaling factors satisfy the relation
kv,1 ≤ kv,2 ≤ kv,3, when we go back to the primal space,
ϕ−1

v (M ′) is an empty ellipsoid centered at m′ and it
contains a ball centered at m′ with radius ‖m′−v‖. We
conclude that ‖m′ − v‖ ≤ ‖m− v‖, i.e., m′ lies on mv.

It suffices to show that no triangle in MeshP
intersects vm. Assume to the contrary that a triangle
t = v1v2v3 intersects vm. Let x be the point t ∩ vm.

We argue that τvvi ≤ τω for any vertex vi of t.
Starting with dvi(vi, vj) ≤ dvi(vi, z) + dvi(vj , z), we get

(5.1) dvi(vi, vj) ≤ dvi(vi, z) + τ2
ωdvj (vj , z) < 3cωγ.

Since x ∈ t, there exists j such that dvi(vi, x) ≤
dvi(vi, vj) < 3cωγ. So x ∈ Σ∗ and τxvi ≤ τω by
the definition of cω. By definition, Fv = Fx and so
τvvi = τxvi ≤ τω.

We claim that x lies between m′ and v. Otherwise,
in the primal space, since the distance from x to Σ is
at least the distance from x to the boundary of the
medial ball M centered at m, this distance is at least
‖m′−v‖ = dv(m′, v)/

√
kv,3 ≥ γ/

√
kv,3. But if we apply

Lemma 4.2(iii) using any vertex of t, we can conclude
that ‖x − v‖ = O(cωγ) which is less than γ/

√
kv,3 for

sufficiently small ω, a contradiction. This proves our
claim. Hence, ϕv(x) lies between ϕv(m′) and ϕv(v).

We go back to the ϕv-space. Since M ′ is the medial
ball of ϕv(Σ), M ′ does not contain any vertex of ϕv(t).
By Lemma 4.3(ii), Vt({v1, v2, v3}) intersects the plane
of t at a point q such that

(5.2) dvi(vi, q) ≤ (1 + ψ(cω))dvi (vi, z) < 2cωγ.

Take the smallest enclosing ball B of ϕv(t) centered
at ϕv(q) in the ϕv-space. So the radius of this ball is
max1≤i≤3 dv(vi, q) ≤ τω · max1≤i≤3 dvi(vi, q) < 2τωcωγ.

First, we consider the case in which B does not
contain ϕv(v). Since the diameter of B is no more than
4τωcωγ < γ, B does not intersect the medial axis of
ϕv(Σ) and so ϕv(m′) lies outside B′. Thus the segment
ϕv(m′v) and ϕv(t) lie on opposite sides of the bisector
plane of B and M ′. But then ϕv(t) cannot intersect
ϕv(m′v) at ϕv(x), a contradiction.

Second, we consider the case in which B contains
ϕv(v). So dv(v, vi) ≤ 4τωcωγ. In the rest of the
proof, we show that this leads to the contradiction
that dv(v, z) < dvj (vj , z) for some j. Lemma 4.2(iii)
implies that dv(x, v) < 640τ2

ωρ
2
1c

2
ωγ. For 1 ≤ i ≤ 3,

since dv(v, vi) ≥ εωγ, we get dv(x, v) ≤ 640τ2
ωρ

2
1 ·

(c2ω/εω) · dv(v, vj). By definition, εω = 1000τ2
ωρ

2
1ωcω

and cω ≤ ω3, so we obtain

(5.3) dv(x, v) < ω2 · dv(v, vi).

Next, we bound the distance dv(x, q). First, for any vi,

dv(vi, x) ≥ dv(v, vi) − dv(v, x) ≥ (1 − ω2) · dv(v, vi).



Observe that, as ϕv(x) lies inside ϕv(t), there is always
a vertex vj such that ϕv(∠qxvj) ≥ π/2. Therefore,

dv(x, q) ≤
√
dv(vj , q)2 − dv(vj , x)2

≤
√
τ2
ωdvj (vj , q)2 − (1 − ω2)2dv(v, vj)2.

Since dvj (vj , q) ≤ 2cωγ by equation (5.2) and
dv(v, vj) ≥ εωγ by assumption, we have dv(v, vj) ≥
εω/(2cω) ·dvj (vj , q). Using λ to denote 1000τ2

ωρ
2
1, we get

dv(v, vj) ≥ (λω/2) · dvj (vj , q) > τωλω/(2
√

2) · dvj (vj , q).
Thus,

dv(x, q) ≤ τωdvj (vj , q) ·
√

1 − (1 − ω2)2 · (λ2ω2/8)

For sufficiently small ω, this simplifies to

dv(x, q) ≤ τω(1 − λ2ω2/32) · dvj (vj , q).

Since λ = 1000τ2
ωρ

2
1, λ2ω2/64 ≥ 4ω3. Also, since

ψ(cω) = O(cω) = O(ω3), λ2ω2/64 ≥ 2ψ(cω) for
sufficiently small ω. Hence, we obtain

dv(x, q) ≤ τω(1 − 4ω2 − 2ψ(cω)) · dvj (vj , q).

Recall that the radius of B is equal to dv(vk, q) for
some vk. By equation (5.3), dv(v, x) ≤ ω2 · dv(v, vi) for
any vertex vi. Thus dv(v, x) ≤ ω2·(dv(v, q)+dv(vi, q)) ≤
2ω2 · radius(B) = 2ω2 · dv(vk, q) ≤ 2τωω2 · dvk

(vk, q) =
2τωω2 · dvj (vj , q). It follows that

dv(v, q) ≤ dv(v, x) + dv(x, q)
≤ τω(1 − 2ω2 − 2ψ(cω)) · dvj (vj , q).

By Lemma 4.3(ii), dvj (q, z) ≤ ψ(cω) · dvj (vj , z). So
dv(q, z) ≤ τωψ(cω) · dvj (vj , z). Hence,

dv(v, z) ≤ dv(v, q) + dv(q, z)
< τω(1 − 2ω2) · dvj (vj , z).

Since τω = 1/(1 − ω2), τω(1 − 2ω2) < 1. So
dv(v, z) < dvj (vj , z) which contradicts the fact that
z ∈ Vt(P ).

In the next result, when we say MeshP is a 2-
manifold combinatorially, we mean that the incidence
relations among the triangles indicate a 2-manifold, but
we do not care whether MeshP self-intersects.

Theorem 5.1. Let ρ ∈ (1,
√

2] be a constant. Let P be
a set of points on Σ. There exists a value ω0 such that
MeshP does not self-intersect and MeshP is homeo-
morphic to µ(MeshP ), provided that the following con-
ditions hold for some ω ≤ ω0.

• MeshP is combinatorially a 2-manifold.

• For each triangle t in MeshP , Vt(P )∩Σ is a single
point. For each edge e in MeshP , Ve(P ) ∩ Σ is a
simple open curve.

• For any points a, b ∈ P , da(a, b) ≥ εωγ. For any
triangle t = v1v2v3 in MeshP , dvi(vi, z) ≤ ρ ·
length(t) and dvi(vi, z) ≤ cωγ, where z = Vt(P )∩Σ.

Hence, under the above conditions, if MeshP contains a
vertex in each connected component of Σ, then MeshP
is homeomorphic to Σ.

Proof. (Sketch) Let ω0 be a small enough value for
which the previous results hold. By our assumption,
it can be checked that MeshP avoids the medial axis
of Σ. We show that µ is a homeomorphism between
MeshP and µ(MeshP ). Since MeshP is compact and
µ is continuous, µ(MeshP ) is also compact. Thus it
suffices to show that µ is injective.

First, we show that µ is injective on each triangle
t in MeshP . Assume to the contrary that there is a
point x ∈ Σ such that µ maps two distinct points p and
q in a triangle t to x. So p, q and x lie on the line
normal to Σ at x. Let v be a vertex of t. Let z be the
point Vt(P )∩Σ. For any other vertex w of t, dv(v, w) ≤
dv(v, z) + τ∗dw(w, z) = O(cωγ). By Lemma 4.2(iii), the
distance from p to Σ is O(cωγ). Thus ‖p−x‖ = O(cωγ).
So for sufficiently small ω, p ∈ Σ∗ and so Fp is defined
and Fp = Fx by definition. Since ‖p − x‖ = O(cωγ),
dp(p, x) = dx(p, x) =

√
kx,3 ·‖p−x‖ = O(

√
kx,3 ·cωγ) =

O(
√
cωγ) for sufficiently small ω. Since p ∈ t, there is

a vertex w of t such that dv(v, p) ≤ dv(v, w) which has
been shown to be O(cωγ). We conclude that dv(v, x) ≤
dv(v, p)+dv(p, x) ≤ O(cωγ)+τ∗dp(p, x) = O(

√
cωγ). By

Lemma 3.2(ii), n(v) and n(x) are nearly parallel. Then
by Lemma 4.2(ii), t and n(x) are nearly orthogonal.
But since pq lies on t, t must be parallel to n(x), a
contradiction.

Second, we show that µ is injective. For each
point x ∈ µ(MeshP ), define h(x) to be the number
of points mapped to x by µ. One can visualize h(x)
as the number of intersection points between MeshP
and the line segment sx joining the centers of the two
medial balls at x. Since µ is injective on each triangle,
h(x) is a finite number and as x varies over Σ, h(x)
stays constant if sx does not cross any triangle edge.
Suppose that h(x) changes when sx crosses a triangle
edge. Since MeshP is combinatorially a 2-manifold,
this edge is incident to two triangles t1 and t2. The
change in h(x) implies that µ(t1) and µ(t2) overlap.
But this contradicts the large dihedral angle between
t1 and t2 (Lemma 4.4) and the fact that t1 and t2 are
almost perpendicular to the normal of any common
vertex (Lemma 4.2(ii)). Thus h is a constant function.



Then Lemma 5.1 implies that h = 1. It follows that µ
is a homeomorphism.

6 Anisotropic meshing algorithm

We first discuss some primitives to be used by our
algorithm AnisoMesh. Given a sample set P , we
assume an incremental algorithm to compute VorP , e.g.
the incremental lower envelope algorithm in [9]. The
lower envelope can be used to answer which Voronoi
edge, facet, or cell contains a point x in R

3. The
critical points of a curve or surface with respect to a
direction d are the points at which d is normal to the
curve or surface. We use E : R

3 → R to denote the
implicit function for Σ, i.e., x ∈ Σ iff E(x) = 0. For
any v, w ∈ P , let Hvw(x) = 0 denote the equation of
Vvw({v, w}). We assume a numerical solver for a system
of equations. For example, we can then compute the
intersection points between Σ and a Voronoi edge of
VorP . AnisoMesh uses the following three routines.
Let x1, x2, and x3 be the coordinate axes. Given any
equation G(x) = 0, by taking partial derivatives, we get
G′(x) = (∂G(x)

∂x1
, ∂G(x)

∂x2
, ∂G(x)

∂x3
), which is the equation of

a normal at x to G(x).

• FacetTest(edge v1v2 in MeshP ): Compute the
vector d = n(v1)×(v2−v1). If Vv1v2(P )∩Σ contains
any critical point with respect to d or if Vv1v2(P ) is
tangent to Σ at some point, return one as follows.
The intersection Vv1v2({v1, v2}) ∩ Σ is a collection
of disjoint smooth closed curves. The equation of
the tangent at any point x ∈ Vv1v2({v1, v2}) ∩ Σ
is H ′

v1v2
(x) × E′(x). The set of critical points on

Vv1v2({v1, v2}) ∩ Σ with respect to d is defined by:
E(x) = 0, Hv1v2(x) = 0, 〈H ′

v1v2
(x) × E′(x), d 〉 =

0. Solve it and return any solution that lies on
Vv1v2(P ). The tangency case is handled similarly.
At the contact point x, H ′

v1v2
(x) × E′(x) = 0.

Thus, solve the system: E(x) = 0, Hv1v2(x) =
0, H ′

v1v2
(x) × E′(x) = 0, and return any solution

that lies on Vv1v2(P ).

• PatchMax(vertex v in MeshP ): Return the point x
in Vv(P )∩Σ that maximizes dv(v, x) as follows. We
first handle points on the boundary of Vv(P ) ∩ Σ.
The intersection points on the edges of Vv(P ) can
be computed directly. Take a Voronoi neighbor w
of v. If the maximum is achieved at some interior
point x ∈ Vvw(P )∩Σ, the tangent to ϕv(Vvw(P )∩
Σ) at ϕv(x) is orthogonal to the vector ϕv(x − v).
The equation of the tangent to ϕv(Vvw(P ) ∩ Σ) at
ϕv(x) is Fv · (H ′

vw(x) × E′(x)). Solve the system:
E(x) = 0, Hvw(x) = 0, 〈Fv · (x− v), Fv · (H ′

vw(x)×
E′(x)) 〉 = 0. Collect the solutions that lie on

Vvw(P ) and repeat for other Voronoi neighbors of v.
If the maximum is achieved at some interior point
x ∈ Vv(P ) ∩ Σ, nv(x) makes an angle 0 or π with
the vector ϕv(x − v). The equation of the normal
to ϕv(Σ) at ϕv(x) is F−1

v ·E′(x). Solve the system:
E(x) = 0, (Fv · (x−v))× (F−1

v ·E′(x)) = 0. Collect
the solutions that lie inside Vv(P ). After collecting
all the candidate points, return the point x that
maximizes dv(v, x).

• SilhTest(vertex v in MeshP ): If the set {x ∈
Vv(P ) ∩ Σ : ∠n(x),n(v) = π/2} is non-empty,
return a point in it as follows. The larger set
J = {x ∈ Σ : ∠n(x),n(v) = π/2} is a collection
of disjoint smooth closed curves [14]. The set
J satisfies the system: E(x) = 0, K(x) = 0,
where K(x) = 〈E′(x),n(v) 〉. We check whether
J intersects the boundary of Vv(P ) by solving the
system: E(x) = 0, K(x) = 0, Hvw(x) = 0, for
all Voronoi neighbors w of v. If there is a solution
lying on Vv,w(P ), return it. Otherwise, let d be any
direction orthogonal to n(v). If some component of
J lies completely inside Vv(P ), J has a critical point
with respect to d inside Vv(P ). The tangent to J
at x is given by K ′(x) × E′(x). Solve the system:
E(x) = 0, K(x) = 0, 〈K ′(x) × E′(x), d 〉 = 0. If
there is a solution lying inside Vv(P ), return it.

The SilhTest routine was first introduced in [11] for
isotropic surface meshing. We are ready to describe our
algorithm to mesh Σ.

AnisoMesh(Σ):

1. Initialize P to contain one critical point of Σ with
respect to the vertical direction. (Even though Σ may
have multiple components, one critical point is enough
for initialization.)

2. Repeatedly apply a rule from the following list to
insert a new point into P until no rule is applicable.
A rule with smaller index has higher priority. Let
ρ ∈ (τ∗,

√
2], ζ ∈ (0, π/4) and � > 0 be some constants.

(a) If there is a triangle t = v1v2v3 in MeshP such
that dvi(vi, x) > ρ · length(t) for some point x ∈
Vt(P ) ∩ Σ, insert x.

(b) If a Voronoi edge Vv1v2v3(P ) intersects Σ at
least twice or tangentially, insert the point x ∈
Vv1v2v3(P ) ∩ Σ that maximizes dvi(vi, x).

(c) If FacetTest(v1v2) returns a point x for some edge
v1v2 in MeshP , insert x.

(d) If the incident triangles of a vertex v in MeshP do
not form a disk combinatorially, insert the point x



returned by PatchMax(v). (By not being a disk
combinatorially, we mean the incidence relations
among the incident triangles do not indicate a
topological disk, and we do not care whether some
triangles cross each other.)

(e) If MeshP self-intersects, find the triangle t =
v1v2v3 in MeshP such that dvi(vi, x) is maximum,
where x = Vt(P ) ∩ Σ, and insert x.

(f) If SilhTest(v) returns a point x for some vertex v
of MeshP , insert x.

(g) If there is a triangle t = v1v2v3 in MeshP such that
∠nvi(t),nvi(vi) or ∠n(t),n(vi) exceeds ζ for some
1 ≤ i ≤ 3, insert the point Vt(P ) ∩ Σ.

(h) If dv1(v1, v2) > � for some edge v1v2 in MeshP ,
take a triangle t incident to v1v2 and insert the
point Vt(P ) ∩ Σ.

Except for the upper bound on triangle size, all
conditions in Theorem 5.1 are enforced in steps 2(a)–
(e). Step 2(c) is a sufficient condition to ensure that each
Voronoi facet does not intersect in a closed curve. Then
step 2(d) ensures that each Voronoi facet intersects Σ
in a simple open curve, and the boundary of Vv(P ) ∩Σ
is a single closed curve for each v ∈ P . After step 2(e),
tunnels or isolated components in Vv(P ) ∩ Σ may still
exist and step 2(f) detects that. Previous experience
with the isotropic surface meshing problem [11] suggests
that even if the triangulation is homeomorphic to Σ,
it may not be a good geometric approximation of Σ.
Therefore, steps 2(g) and 2(h) are introduced to enforce
user-supplied upper bounds on on the maximum angle
deviation and maximum edge length. The termination
of AnisoMesh follows from establishing a lower bound
on the interpoint distances throughout the algorithm.

Lemma 6.1. Let ω < 1/(1000τ3∗ρ2
1) be a small enough

constant such that Theorem 5.1 holds, β(6ρ1τ∗εω) +
α(6τ∗εω) < ζ, and 3τ∗εωγ < �. After each point in-
sertion in AnisoMesh, da(a, b) ≥ εωγ for any vertices
a, b ∈ P .

Proof. (Sketch) The lemma is true after step (1).
We prove the lemma inductively. It suffices to show
that dv(v, x) ≥ τ∗εωγ if a point x ∈ Vv(P ) ∩ Σ
is inserted. Then dx(w, x) ≥ εωγ for all w ∈ P ;
otherwise, dw(w, x) ≤ τ∗dx(w, x) < τ∗εωγ ≤ dv(v, x),
a contradiction.

If step 2(a) inserts a point x ∈ Vt(P ) ∩ Σ, then for
any vertex vi of t, dvi(vi, x) > ρ · length(t) ≥ ρεωγ >
τ∗εωγ as ρ > τ∗.

Suppose that step 2(b) inserts a point in Vt(P )∩Σ,
where t = v1v2v3. Assume to the contrary that

dvi(vi, z) < τ∗εωγ for all points z ∈ Vt(P )∩Σ. Suppose
that Vt(P ) intersects Σ at two points z1 and z2. The
case where Vt(P ) meets Σ tangentially is easier. We go
to the ϕv1 -space. Let B1 be the ball centered at ϕv1(z1)
in the ϕv1 -space with radius 3 · length(t) ≥ 3εωγ. Let
B and B′ be the two medial balls of ϕv1(Σ) meeting at
ϕv1(z1). By Lemma 3.2(ii) and Lemma 4.2(i), nv(z1)
and nv(t) are nearly parallel. Then by Lemma 4.3(i),
ϕv(Vt(P )) ∩ B1 lies close to the normal at ϕv1(z1).
So ϕv(Vt(P )) ∩ B1 lies inside B ∪ B′, which implies
that dv1(z1, z2) ≥ radius(B1) ≥ 3εωγ, contradicting
dv1(z1, z2) ≤ dv1(v1, z1) + dv1(v1, z2) < 2τ∗εωγ.

Suppose that FacetTest(v1v2) returns a point x in
step 2(c). We skip the tangency case as the analysis is
similar. So some plane H orthogonal to n(v1)×(v2−v1)
meets Vv1v2(P ) ∩ Σ tangentially at x. Then ϕv1(H)
is orthogonal to nv1(v1) × ϕv1(v2 − v1) and it meets
ϕv1(Vv1v2(P ) ∩ Σ) tangentially at ϕv1(x). Assume to
the contrary that dv1(v1, x) < τ∗εωγ. We go to the
ϕv1 -space. It can be checked that dv1(v1, v2) < 3τ∗εωγ.
Let ex be a normal to ϕv1(Vv1v2(P )) at ϕv1(x) pointing
towards the side of ϕv1(v2). Using an analysis in
proving Lemma 4.3(i), one can show that ex is nearly
parallel to ϕv1(v2 − v1). By Lemma 3.2(ii), nv1(x)
is nearly parallel to nv1(v1). By Lemma 3.2(i), the
vector ϕv1(v2 − v1) is nearly orthogonal to nv1(v1). So
nv1(x) × ex is nearly parallel to nv1(v1) × ϕv1(v2 − v1),
which is normal to ϕv1(H). But since nv1(x) × ex is
tangent to ϕv1(Vv1v2(P ) ∩ Σ) at ϕv1(x), nv1(x) × ex is
parallel to ϕv1(H), a contradiction.

We omit the analysis of step 2(d). Suppose that
step 2(e) inserts the point x = Vt(P ) ∩ Σ for some
triangle t = v1v2v3. Before the insertion of x, MeshP
satisfies all the conditions in Theorem 5.1 except the
upper bound on triangle size. Thus dvi(vi, x) > cωγ =
εωγ/(1000τ2

ωρ
2
1ω) > τ∗εωγ.

Suppose that step 2(f) inserts the point x ∈
Vv(P ). So ∠n(v),n(x) = π/2 which implies that
∠nv(v),nv(x) = π/2. Thus dv(v, x) must be greater
than τ∗εωγ by Lemma 3.2(ii).

Suppose that step 2(g) inserts the point x =
Vt(P ) ∩ Σ for t = v1v2v3. So ∠nvi(t),nvi(vi) or
∠n(t),n(vi) exceeds ζ for some i. If dvi(vi, x) <
τ∗εωγ, it can be checked that dvi(vi, vj) < 3τ∗εωγ.
But then Lemma 4.2(i) and (ii) imply that both
∠nvi(t),nvi(vi) and ∠n(t),n(vi) are no more than
β(6ρ1τ∗εω) + α(6τ∗εω) < ζ, a contradiction.

Suppose that step 2(h) finds an edge vw such that
dv(v, w) > �. Let z be the point Vt(P )∩Σ for some trian-
gle t incident to vw. Then dv(v, z) ≥ τ∗εωγ; otherwise,
dv(v, w) ≤ dv(v, z) + dv(z, w) ≤ dv(v, z) + τ2∗ dw(w, z) <
3τ∗εωγ < �, a contradiction.



Theorem 6.1. Let ρ ∈ (τ∗,
√

2], � > 0, ζ ∈ (0, π/4),
and χ = 1−32(τ4

∗−1)
128τ2∗

be some constants. Assume that Σ
is a smooth closed implicit surface and there is an oracle
to return the 2D metric tensor at any point x ∈ Σ.
AnisoMesh(Σ) samples a set P of vertices on Σ and
computes a triangulation MeshP homeomorphic to Σ.
For any triangle t in MeshP and for any edge vw of t,
dv(v, w) ≤ �, ∠n(t),n(v) ≤ ζ, ∠nv(t),nv(v) ≤ ζ, and
each angle of ϕv(t) is at least sin−1(χ).

Proof. (Sketch) The geometric approximation is guar-
anteed by previous results. Let Sv denote Vv(P ) ∩ Σ.
By the end of AnisoMesh, Sv is connected and ∂Sv

is a single closed curve. Then it has been shown that
Sv is a topological disk and it projects to a topological
disk on the tangent plane at v [11]. We refine ∂Sv

by inserting a vertex in the interior of each boundary
edge Vvw(P ) ∩ Σ of Sv. Then we refine MeshP into
a triangulation T by refining each triangle using a
barycentric subdivision. Thanks to the barycentric
subdivision, for each vertex v ∈ P , there is a bijection
between the edges in its link in T (i.e., the boundary
of the fan of triangles incident to v) and the refined
∂Sv. Afterwards, this boundary homeomorphism can
be extended to a homeomorphism between the fan of
triangles incident to v in T and Sv. Stitching these
homeomorphisms together yields a homeomorphism
between Σ and MeshP .

7 Conclusion
There are several directions for future work. We plan
to conduct an experimental study of the effectiveness
of the algorithm. There has been some recent work
on remeshing a given surface mesh in the anisotropic
setting, e.g. [1], and this problem awaits a thorough
theoretical study. This has been done in the isotropic
case by Dey, Li, and Ray [13]. The problem of
generating a 3D anisotropic volume mesh remains open.
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