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We study the ground state and the phase transitions of the bilayered spin-S antiferromagnetic Heisenberg
model using the Schwinger boson mean-field theory. The interplane coupling initially stabilizes but eventually
destroys the long-range antiferromagnetic order. The transition to the disordered state is continuous for small
S, and first order for largeS. The latter is consistent with an argument based on spin-wave theory.@S0163-
1829~96!01818-8#

I. INTRODUCTION

Recently there has been considerable interest in quantum
spin liquids, which are magnetic systems without long-range
order ~LRO! at low temperature. While in general, the
ground state of quantum spin systems lack true LRO in one-
dimensional~1D!, the ground state of the 2D Heisenberg
antiferromagnet ~AF! exhibits Néel ordering even for
S51/2, albeit with a sublattice magnetization that is consid-
erably decreased from its classical value. Since the spin is
quantized, the spin value cannot be decreased beyond 1/2,
hence the model does not have a spin-liquid ground state. On
the other hand, when two planes of antiferromagnetic spins
are coupled together,3–11 and if the interplane coupling is
strong enough, the ground state is easily seen to be one of
valence bond solid of interplane singlets~IVBS!. Thus, there
should be a transition from the LRO Ne´el state to a spin-
liquid state as the interplane coupling is increased. It has
been suggested that the unusual magnetic properties of
Y-Ba-Cu-O, with its basic unit of a pair of coupled CuO
planes, may be due to its lying close to this quantum
transition.3

It is of interest to study the nature of this quantum transi-
tion. Within a nonlinear sigma-model~NLSM! description,
Haldane12 has pointed out that for a single plane of spins,
topological Berry phase terms exist which differ between
half-integer, odd integer, and even integer spins. One way to
understand this is to consider the degeneracy of the valence
bond solid states which maximize the number of resonating
plaquettes in each case~fourfold, twofold, and nondegener-
ate, respectively!. On the other hand, the mapping of the
two-plane system to the NLSM does not yield a topological
term, which is consistent with the valence bond solid state
for two planes with large interplane vs intraplane coupling
being zero-dimensional-like and nondegenerate. Since the
211 D NLSM has only one phase transition which is second
order, this suggests the same for the 2D quantum Heisenberg

AF at T50. However, the NLSM mapping assumes slow
variation on the scale of lattice spacing, and so additional
disordered phases and/or first-order transition cannot be
ruled out conclusively.

In this paper we investigate the ground state of the 2D
bilayered Heisenberg AF for generalS using the Schwinger
boson mean-field theory1,2 with no additional approximation.
Our calculation complements previous calculations for
S51/2 only and/or using additional approximations, as well
as a calculation using the related Takahasi bosons
approach.4–6Our results show that the transition from the AF
ordered state to disordered state is second order for small
S, and first order for largeS. A simple argument using spin-
wave theory helps to explain why a first-order transition oc-
curs for largeS. In the latter case, the magnetization de-
creases slowly as the interplane couplingJ' increases, and it
remains finite when the IVBS becomes lower in energy.
Quantitatively the criticalS separating first from second-
order transitionSc , is found to be 0.35 within the mean-field
theory~MFT!. While we should not expect the MFT to give
correct criticalS and the criticalJ' , we believe the qualita-
tive features described by the MFT are correct because the
topological effect mentioned above is not important in the
present geometry. The actual value ofSc should be larger
than 1/2, as more accurate calculations6,9 showed the transi-
tion for theS51/2 systems to be second order.

II. SCHWINGER BOSON MEAN-FIELD THEORY
FOR BILAYERED AF HEISENBERG MODEL

We begin with a quick review of Schwinger boson mean-
field theory2 as applied to the translationally invariant
nearest-neighbor Heisenberg antiferromagnet on a bipartite
lattice. The Hamiltonian is

H5(̂
i j &

Ji jSi•Sj ; Ji j.0, ^ i j &5NN.
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In the Schwinger boson representation, spin operators in
each lattice site are replaced by spin 1/2 bosons as follows:

Si
†5bi↑

† bi↓ , Si
25bi↓

† bi↑ , Si
z5

1

2
~bi↑

† bi↑2bi↓
† bi↓!.

The number of bosons at each lattice site is subject to the
constraint

(
s

bis
† bis52S,

which can be implemented by introducing a Lagrange mul-
tiplier on each site. The Hamiltonian can now be written as

H522(̂
i j &

Ji j Ã i j
† Ãi j1

1

2
NzJS21(

i
l i~ b̃ is

† b̃is22S!,

whereÃ i j
†5 1

2(sb̃ is
† b̃ js

† andb̃i↑5bi↓ , b̃i↓52bi↑ for sites
on one sublattice andb̃is5bis for sites on the other sublat-
tice. Physically, the productÃ i j

† Ãi j acts as the valence bond
~singlet! number operator for sites~i,j!. In the mean-field
approximation, this product is decoupled by the Hartree-
Fock decomposition. In addition, the exact local constraint is
relaxed to one for the average

K (
s

bis
† bisL 52S,

leading to the mean-field Hamiltonian

HMF5E01l(
is

b̃ is
† b̃is22(̂

i j &
Ji j Ai j ~Ã i j

†1Ãi j !,

where we have takenAi j5^Ãi j & to be real.
First consider the case that all the bonds are identical by

symmetry, and assuming no spontaneous dimerization, then
all Ai j must be the sameAi j5A. In this caseE05
1
2NzJS

222lNS1JA2Nz, wherez is the coordination num-
ber.HMF can be diagonalized by going to momentum space
and perfroming the Bogoliubov transformation:

HMF5E02lN1(
k

vk~ak
†ak1bk

†bk11!,

where vk5@l22(JÃzgk)
2#1/2, gk5(1/z)(de

ik•d5
( i51
d coski /d. At T50, the energy should be minimized with

respect tol andA, yielding the set of self-consistent equa-
tions:

S1
1

2
5

1

2N(
k

m

~m22gk
2!1/2

,

Ã5
1

2N(
k

gk
2

~m22gk
2!1/2

,

where we definem[l/(JÃz). An essential point of the
theory is that a nonzero mean-field amplitudeA, which gives
rise to boson hopping, indicates short-range antiferromag-
netic order. Long-range order is achieved if the hopping am-
plitude is sufficiently large to give Bose condensation. This
occurs when these equations cannot be satisfied by having

m.1, in which casem51, and thek50 term gives a finite
contribution when converting the momentum sums into inte-
grals:

S1
1

2
5ms1

1

2E2p

p ddk

~2p!d
1

~12gk
2!1/2

,

A5ms1
1

2E2p

p ddk

~2p!d
gk
2

~12gk
2!1/2

. ~1!

It has been shown that the condensate densityms is also
the sublattice magnetization. For the Heisenberg antiferro-
magnet on a square lattice, it was found that Bose conden-
sation occurs for allS.Sc , whereSc50.2, with a gapless
linear excitation spectrum characteristic of spin waves. For
S,Sc , m.1, and there is an energy gap for excitations.
Thus, for all physical values ofS, there is AFLRO.

On the other hand, if two such planes are coupled together
antiferromagnetically, and the interplane coupling is very
large compared to intraplane coupling, the ground state is
obviously a valence bond solid of interplane singlets, and the
intraplane correlation length is zero. Thus, there must be at
least one phase transition as the interplane coupling is in-
creased. We now analyze this for generalS using Schwinger
boson MFT.

The Hamiltonian in this case is

H5J(̂
i j &

SiSj1J' (
^ i j &z

SiSj ,

where(^ i j & sums over nearest neighbor~NN! on the same
plane and(^ i j &z

sums over NN on different planes. Since
there is still translational invariance, the mean-field Lagrange
multiplier will be the same on all sites. However, the lack of
symmetry between intraplane and interplane bonds means
two mean-field ampitudes must be introduced for the bond
decoupling. Letting these beA andB, respectively, and tak-
ing them to be both real, the mean-field Hamiltonian is now

HMF5E01l(
is

~ b̃ is
† b̃is!22JA(̂

i j &
~Ã i j

†1Ãi j !

22J'B(
^ i j &z

~Ã i j
†1Ãi j !,

where E052NJS222lNS14JA2N1NJ'S
2/21J'B

2N.
As before, we diagonalizeHMF through the Bogoliubov
transformation, giving

HMF5E02lN1(
ks

vks~aks
† aks1bks

† bks11!.

The excitation energies are given by

vk,s5Fl22S 2JA(
i51

d

coski1J'Bs D 2G1/2,
wheres561. Minimizing HMF with respect tol, A, and
B gives the self-consistent equations
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S1
1

2
5

1

2N (
k,a

m

~m22Gk,a
2 !1/2

,

A5
1

2N (
k,a

Gk,a

~m22Gk,a
2 !1/2

S ( i51
d coski
d D ,

B5
1

2N (
k,a

Gk,aa

~m22Gk,a
2 !1/2

, ~2!

whereGk,a5(( i51
d coski1Qa)/d andQ5J'B/(2JA). Note

that m, the excitation gap, must be greater than or equal
11Q/d. In particular, in the case of Bose condensation, the
value ofm is fixed to 11Q/d and hence the summations in
Eq. ~2! turn out to be a function of the parameterQ only. The
magnetizationms is calculated by solving the self-consistent
equations with the summations converted into intergrals:

S1
1

2
5ms1

1

4E ddk

~2p!d(a
m0

~m0
22Gk,a

2 !1/2
,

Ã5ms1
1

4E ddk

~2p!d(a
Gk,a

~m0
22Gk,a

2 !1/2
S ( i51

d coski
d D ,

B̃5ms1
1

4E ddk

~2p!d(a
Gk,aa

~m0
22Gk,a

2 !1/2
, ~3!

wherem0511Q/d. These equations3 hold so long as they
give ms.0, i.e., Bose condensation, otherwise Eqs.~3!
should be used withm also as an unknown parameter. In
principle, we can solve forQ andms or m. In practice, the
form of these equations allow us to avoid this by plugging in
an arbitrary values ofQ into the equations to find outms or
m, and thenA andB. The self-consistency is then reduced to
using the values ofA, B, andQ to determine the value of
b[J' /J.

III. MEAN-FIELD SOLUTIONS

In this section, we present the solutions of the Schwinger
boson mean-field theory. The solutions represent various
phases and their transitions. The critical values ofS separat-
ing these phases are often smaller than 1/2 within the MFT.
But these phases may be realized in physical systems, which

FIG. 1. The behavior ofQ as a function ofb for S51/2. It is
representative of allS. b054 and b2'4.36. The star symbol
stands for the location of a first-order transition in which
b'4.25.

FIG. 2. Magnetization~solid line! ms and spin gap~dashed line!
D/b as a function ofb within the MFT. ~a! shows a first-order
transition with the absence of a second-order transition forS.SC
(S51/2) while both transitions are observed in~b! for S50.25,
~betweenSC2 andSC3!. ~c! shows the reentrance of magnetization
for S,SC2 . In real physical systems,~a! may be relevant for a
larger value ofS, and~c! may be relevant for a frustrated system of
S51/2.
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we will discuss in the next section.
We start to discuss the behavior ofQ as a function of

b, as shown in in Fig. 1 forS51/2, which is a representative
of all S. Discounting the trivial solutionsQ50 andQ5`,
corresponding to independent planes and IVBS, respectively,
there areQÞ0 solutions indicating both intraplane and in-
terplane correlations. For smallb, there is only one solution,
with Q increasing from 0 withb. For b.4(S11/2)2, a
second branch of solution, beginning at infinity appears. The
two solutions merge at some larger value ofb, and beyond
that, only the trivial solutions remain. The significance of
these solutions can be understood if we consider the energy
E(Q) obtained by minimizing the energy with respect to all
other parameters exceptQ. Then, the nontrivial solutions are
extrema ofE(Q). Thus, forb,b054(S11/2)2, the solu-
tion of Q corresponds to a global minimum inE(Q), and
describes the ground state. Forb.b0 , the upper branch cor-
responds to a local maximum while the lower branch re-
mains a local minimum. The local maximum begins at
Q5` at b0 , and moves towards the local minimum with
increasingb. Eventually, the two extrema merge into a
saddle point atb2 . Beyond that,E(Q) is strictly decreasing
with Q. By continuity, this means somewhere betweenb0
andb2 , E(`) must cross from being greater thanE(Q1) to
less than it, whereQ1 is the lower branch solution. Thus, at
this valueb1 , the ground state jumps from the 2D correlated
state described byQ1 to the interplane VBS state. The analy-
sis leading to this ‘‘first-order transition’’ inQ is somewhat
similar to the argument for first-order transition within Lan-
dau theory for a Landau free-energy functional with a cubic
term. A very important difference is thatQ represents only
short-range correlations and is not an order parameter. Thus,
the jump inQ can but does not necessarily lead to a first-
order transition in the AFLRO.

We can solve for the value ofms at the nontrivial solu-
tions. Initially,ms increases with increasingQ, but eventu-
ally will decrease, vanishing at someQc . For sufficiently
largeS, Qc will belong to the upper branch~maximum en-
ergy! solution. More importantly, in the case whereQc lies
in the lower branch, itsb value changes from less than to

greater thanb1 with increasingS. Thus, the transition from
the LRO state to disordered state is second order for small
S, but becomes first order for largerS. In the former case,
there is a subsequent transition from a disordered state with
finite Q, hence with both interplane and intraplane short-
range correlations, to theQ5` state with only interplane
correlations. Along with the jump inQ is a discontinous
jump in the gap. It is tempting to associate this jump as a
transition from some disordered state associate with a single
plane to the nondegenerate IVBS. More likely this transition
is probably an artifact of the Schwinger boson MFT, and
indicates a relative sharp drop in the intraplane correlation
length and a sharp rise in the gap. This is similar to the finite
temperature MFT solution for a single plane, whereA, hence
short-range correlation, drops to zero above some finite
temperatures.2 In the latter case of first-order transition in
sublattice magnetization, the ground state jumps from one
with LRO to the IVBS state. Since this latter state should be
the correct ground state only in theb goes to infinity limit,
we interpret this as the MFT way of showing a transition into
a disordered state with a very short intraplane correlation
length. The behavior ofms and the gapD as a function of
b is shown in Fig. 2 for representative values ofS. Figure
2~c! shows an example of reentrance, where LRO first devel-
ops with increasingb, but is subsequently destroyed when
b gets too large. This occurs forS smaller thanSC2'0.2,
below which the ground state forb50 has no LRO, but
greater thanSC3'0.13, the minimum value ofS below
which there is no LRO at anyb.

The phase diagram ofS vs b is shown in Fig. 3. For
S,SC3 , the ground state is always disordered. For
SC3,S,SC2 , the system undergoes first a disorder-order
and then a order-disorder continuous transition with increas-
ing b. For S.SC2 , there is LRO forb50, and only the
order-disorder transition remains. This transition is continu-
ous until it terminates at a tricritical point atSC , beyond
which the continuous transition is preempted by a first-order
transition. Within the MFT,SC'0.35, b'2.92. Thus, for
S.SC , there are values ofb where the LRO state is not the
ground state, but is nevertheless metastable. The continuous
transition phase boundary remains metastable untilS reaches
a larger value,'0.4 in the MFT, beyond which the
ms501 state moves into the upper branch and becomes un-
stable. In all cases ofSwhere a disordered ground state with
finite Q exists, a subsequent ‘‘first-order transition’’ occurs,
with a discontinuous jump inQ and the gapD. As men-
tioned above, we interpret the jump as unphysical, and rep-
resents in reality a relatively sharp drop in the 2D correlation
length.

IV. DISCUSSIONS

The main result of our mean-field theory is that there is a
first-order transition from ordered to disordered spin states
for large S. The prediction of the existence of first-order
transition in the theory is based only on the structure of the
mean-field solutions of Q~two branches merging and termi-
nating atb2) rather than numerical details of the energies.

FIG. 3. Phase diagram ofS vs b. Star symbol indicates the
position of the tricritical point.
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This result does not seem to be accidental. We can under-
stand why largeS favors a first-order transition quite simply
in terms of spin-wave theory.4,5 The Néel state energy is
EN5S2(2Jz1J') while the energy of the IVBS state is
EV5J'S(S11). Equating the two implies an estimate for
the first-order transition atb1 of the order ofS for largeS.
Within spin-wave theory, the sublattice magnetization is
given byms in Eq. ~3! with B/A51. For largeb, the integral
on the LHS scales asAb. If we setms50 as an estimate for
the critical valuebc for continuous transition, thenbc is of
orderS2. Thus, for largeS, b1 is much less thanbc .

Within MFT, the tricritical point and even the metastable
continuous transition boundary occurs below the minimum
physical value ofS51/2. Thus, a first-order transition is pre-
dicted for all physical systems described by the model. In
fact, the sublattice magnetization jump at transition for
S51/2 is about 30% of that atb50, clearly contradicting
the results of numerical work6–8 on the model forS51/2,
which supports a continuous transition in the same univer-
sality class as the finite temperature transition of the 3D
classical Heisenberg model. On the other hand, there is no
reason to expect the Schwinger boson MFT to give the exact
answer, so the true position of the tricritical point might very
well be aboveS51/2. This is particularly so since by relax-
ing the local constraint to a global one, unphysical states are
included in the mean-field solution, and the MF energy is not
even variational. Thus, using these MF energies to find the
position of the first-order transition is necessarily suspect.
Nevertheless, we believe the prediction of largerS favoring a
first-order transition to be correct, and the nature of phase
transition in the bilayer system is nonuniversal. For example,
the transition forS51/2 may become first order if there is a
sufficiently large next-nearest-neighbor ferromagnetic inter-
action. The seeming contradiction to the fact that the 211
D NLSM has only continuous transition is resolved by not-
ing that the mapping of the Heisenberg model into the
NLSM is legitimate only if the correlation length is long,
which does not have to be the case of the disordered state
close to a first-order transition.

The reentrance behavior for smallS found in our MFT
may have relevance in some physical systems. SinceS is 1/2

at least, all the physical Heisenberg antiferromagnets in a
square lattice with nearest-neighbor coupling are LROed,
and the reentrance behavior will not occured. However, with
sufficient frustration, the single-layered system can be disor-
dered forS51/2 or other physical values. Introducing the
interplane coupling may first develop the LRO and the reen-
trance behavior of Fig. 2~c! discussed for smallS in the
bilayered system may be physically observed in the frus-
trated physical systems.

Within our MFT and according to general arguments, a
first-order transition implies the existence of metastable
states with finite sublattice magnetization. This may lead to
observable dynamics characteristic of macroscopic quantum
tunneling. It would also be of significance with respect to
Monte-Carlo-type numerical calculations6–9 due to problems
of being ‘‘stuck’’ in the metastable minimum. For example,
the first-order transition may be missed if the metastability
persists till the would-be continuous transition.

Finally we discuss the critical phenomena of the continu-
ous transition of this model. Analyzing Eqs.~2! and~3! close
to the transition, we find the staggered magnetization van-
ishes linearly, while the gap vanishes as (b2bc)

s with
s51/(d21) for d,3, ands51/2 for d.3 ~there are loga-
rithm corrections atd53). These MF exponents are the
same as those for the finite temperature transition of a single
hypercube with the substitutiond→d11, reflecting the
quantum nature of the present transition.

In conclusion we have used the Schwinger boson mean-
field theory to study the bilayer antiferromagnetic Heisen-
berg model for general spinsS. Our main results are that the
phase transition from the ordered to disordered states in-
duced by the interplane coupling is second order for small
S, and first order for largeS. Although the obtained critical
lines in the phase diagram need to be modified using more
accurate methods, the qualitative features predicted in the
mean-field theory should be correct.
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