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An integrable model with rich ground state phases is hard to come by. In this Letter, an integrable
spin ladder with pure long-range Heisenberg couplings is proposed and solved via the asymptotic
Bethe ansatz method. Numerical solutions of the Bethe ansatz equation show that with the variation
of the coupling range parameter α, quantum phase transitions exist for both ferromagnetic (J = −1)
and anti-ferromagnetic (J = 1) intra-chain couplings. For J = −1, depending on α, the ground state
may be ferromagnetic, Takhatajian-Babujian spin liquid, or a frustrated spin liquid. For J = 1, a
quantum phase transition from the Heisenberg spin liquid to an exotic spin liquid occurs at a critical
α. The phase boundaries are determined numerically.
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Competing effect between quantum phases of con-
densed matters is a relevant issue for a variety of impor-
tant physical phenomena such as the colossal magneto-
resistance (CMR) in manganites and non-Fermi liquid
behaviors in heavy fermion compounds. The CMR orig-
inates from the phase transition tuned by magnetic field
between two delicately balanced and competing phases
with rather different resistivities[1]. Non-Fermi liquid
behaviors observed in several heavy fermion compounds
may attribute to the quantum critical effect at the quan-
tum phase boundaries. In addition, the low-dimensional
spin systems may show fascinating competing behaviors
among the long-range ordered, short-range ordered and
disorder spin liquid phases and have recently attracted a
lot of attentions because of the experimental realization
in some quasi-one-dimensional materials [2, 3]. A well
known example is the zigzag spin lader or the J1 − J2

spin chain, which may have gapless ground state with
algebraically decaying spin correlations or gapped de-
generate dimerized ground states [4, 5]. The J1 < 0,
J2 > 0 case was considered by Bader and Schilling [6] to
study the competition between antiferromagnetic (AF)
and ferromagnetic (FM) phases and found the sufficient
and necessary conditions for FM ground state. A rele-
vant experimental realization is the competing AF-FM
orders induced by external field, temperature and other
perturbations in GdBaCo2O5.5 single crystals[7].

As exact solutions of some two-dimensional statisti-
cal models play an important role to understand the
phase transitions, solutions of quantum integrable models
may provide a powerful starting point to understand the
competing effect between delicately balanced quantum
phases. However, the integrable model with rich ground
state phases is still rare. In this Letter, we construct an
integrable spin ladder model, which describes two cou-
pled Inozemtsev spin chains[8]. The model is solved in
the framework of the asymptotic Bethe ansatz method

[9]. It is shown that with the variation of the coupling
range, there exist several ground state phases. The phase
boundaries are determined via numerical analysis of the
Bethe ansatz equation. This model therefore provides an
outstanding example to study the quantum phase tran-
sitions in the low-dimensional spin systems.

The Hamiltonian of our ladder model reads

H = −
J ′

2

∑

j 6=l,β=1,2

~σβj · ~σβl − 1

sinh2 α(j − l)
+
J ′

2

∑

j 6=l

~σ1j · ~σ2l − 1

cosh2 α(j − l)
,

(1)
where J ′ = J sinh2 α; J = ±1 and α the coupling con-
stant which measures the interaction range of the spins;
j, l ∈ Z and are odd for β = 1 (chain 1) and even for β = 2
(chain 2); ~σβj the Pauli matrix on j-th site in chain β.
The quantum phase transitions in the present model are
obvious by studying some limiting cases of the system
for both J = ±1. 1) J = 1 case: When α → 0, the
system reduces to two decoupled FM Haldane-Shastry
(HS) spin chains[10, 11] while when α → ∞, the system
approaches to the AF Heisenberg spin chain. These two
limiting cases possess rather different ground state prop-
erties and therefore quantum phase transition must occur
when α goes from zero to infinity. 2)J = −1 case: When
α→ 0, the system decouples to two AF HS chains while
when α → ∞, the system reduces to the FM Heisen-
berg chain, also indicating the existence of some quantum
phase transition at a finite α.

By introducing a = πi/2 +α, the Hamiltonian (1) can
be rewritten as

H = −
J ′

2

∑

j 6=l

~σj · ~σl − 1

sinh2 a(j − l)
, (2)

where j, l take integer values. The above Hamiltonian
is just the Inozemtsev quantum spin chain[8] but with a
complex coupling constant a. However, the physics of the
present model is quite different from the original Inozemt-
sev model for they indeed have rather different physical
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contents. We shall solve our model with Sutherland’s
asymptotic Bethe ansatz method[9]. The central point of
the asymptotic Bethe ansatz is that for integrable mod-
els, the many-body scattering matrices can be factorized
into the product of two-body scattering matrices and the
Bethe ansatz equation (BAE) can be obtained by impos-
ing the asymptotic periodic boundary conditions in the
wave functions. The integrability of the system can be
shown by constructing the following Dunkl operators [12]

Dj =
∑

k 6=j

[coth a(j − k) − sign(j − k)]Pjk , (3)

where sign(j − k) is the sign function and Pjk are the
permutation operators. Pjk obey the following laws:

Pjk = Pkj = P †
jk , P 2

jk = 1,

PjkAk = AjPjk , PjkAl = AlPjk , l 6= j, k,

where j, k ∈ Z and Aj are arbitrary many-body opera-
tors. Using these laws, one can prove that the Dunkl
operators commute with each other. A complete set
of conserved quantities of the system can be defined as
In =

∑

j(Dj)
n. It is easy to demonstrate that these

quantities are mutually commutative and commutative
with the Hamiltonian by replacing (~σj ·~σl+1)/2 in Eq.(2)
with Pjl. Therefore, the system has an infinite number of
conserved quantities and is integrable. Detailed demon-
stration of the integrability of this kind of models can be
found in[13].

To derive the exact solution of the Hamiltonian, we
note that the FM vacuum state |Ω >= ⊗j∈z| ↑>j is an
eigenstate of the system with zero eigenvalue. Since the
z-component of total spin is a conserved quantity, the
eigenstates of the system can be classified by the number
of flipped spins M over the FM vacuum state. A general
state with M flipped spins is

|ψ >=
∑

n1 6=···6=nM

ψ(n1, · · · , nM )σ−
n1

· · ·σ−
nM

|Ω >, (4)

where σ−
nj

is the spin lowering operator on nj-th site and
nj ∈ Z. Assume the M -magnon wave function is

ψ(n1, ...nM ) =

M
∏

µ6=ν

∑

P∈πM ,m∈DM

(−1)PA{m}({k})

sinh a(nµ − nν)

× exp

[

M
∑

λ=1

(ikPλnλ + a(2mPλ −M + 1)nλ)

]

,

where P is the permutation of the permutation group
πM , DM is the hypercube in Z

M , {k} are the quasimo-
menta of magnons for scattering states and A{m}({k})
are the coefficients. The eigenvalue equation, H |ψ >=
EM |ψ > can be written in terms of the M -magnon wave

function as [8, 14]

M
∑

ρ=1

∑

s∈Z[n]

V (nρ − s)ψ(n1, ..., nρ−1, s, nρ+1, ..., nM )

= −ψ(n1, ..., nM )





M
∑

ρ6=γ

V (nρ − nγ) +
EM

J ′
−ME0



 ,

where the notation Z[n] is used for the variety Z −

(n1, ..., nM ), V (x) = sinh−2 ax and E0 =
∑

n 6=0 V (n).
Following the method proposed by Inozemtsev [8], we
obtain the eigenenergy of this state as

EM = −2J sinh2 α

M
∑

j=1

∑

n6=0

cos 2nkj − 1

sinh2(2nα)

+2J sinh2 α

M
∑

j=1

∑

n

cos(2n+ 1)kj − 1

cosh2(2n+ 1)α
. (5)

In the framework of the asymptotic Bethe ansatz
method[9], the BAE can be obtained by imposing the pe-
riodic boundary condition on the asymptotic form of the
wave function, ψ(n2, · · · , nM , n1 + L) = ψ(n1, · · · , nM )
for L→ ∞. In our case it reads

lim
L→∞

eikjL =

M
∏

l=1,6=j

S−1(kj − kl), j = 1, 2, · · · ,M, (6)

where S(kj − kl) is the two-body scattering matrix

S(kj − kl) = −
1 − i

[

kj

π
ζ(π) − ζ(kj) −

kl

π
ζ(π) + ζ(kl)

]

1 + i
[

kj

π
ζ(π) − ζ(kj) −

kl

π
ζ(π) + ζ(kl)

] ,

where ζ(x) is the Weierstrass function with double
quasiperiodicities ω1 = 2π and ω2 = π − 2iα. The scat-
tering matrix is determined by the asymptotic form of
the two-magnon wavefunction.

Below we solve the BAE numerically. According to the
Lieb-Mattis theorem[15], a bi-partite spin system has ei-
ther a spin singlet ground state or a ferromagnetic ground
state. To determine the phase boundary between the FM
state and a spin singlet state, an easy way is to study the
excitation spectrum of the FM state. If all excitation
modes carry positive energy, the FM state is the ground
state while if any mode’s energy becomes negative (soft
mode), the ground state must be some kind of spin sin-
glet state.

i)The J = −1 case. In this case, the system resem-
bles features of the Bader-Shilling model[6]. When α is
large, the interchain FM coupling is dominant and the
ground state should be FM, while for small α the in-
trachain AF coupling is dominant and the ground state
should be a spin singlet. Thus a quantum phase tran-
sition from an FM ground state to an AF spin liquid
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ground state is expected at some critical α value αcr.
As shown in Fig. 1, the one-magnon spectrum is always
positive for α > 0.757 while part of the spectrum be-
comes negative when α < 0.757. However, to determine
the ground state exactly we need also to examine other
kinds of solutions of the BAE, say, the string solutions
or the bound states of magnons[16]. For the two-magnon
bound state excitations, let us denote the momenta of
two magnons as k1 and k2, respectively. In the case of a
bound state, k1 and k2 should be a pair of complex con-
jugate numbers as k1 = k′1 + ik′2 and k2 = k′1− ik

′
2, where

k′1 and k′2 are real. The vanishing of the wave function
when the distance between the two down spins tends to
infinity requires

2ζ(π)k′2/π + i[ζ(k′1 + ik′2) − ζ(k′1 − ik′2)] = 1. (7)

The origin k′1 = k′2 = 0 is the order-one singular point
of the Weierstrass ζ function and should be considered
directly from the original BAE. One can easily show that

FIG. 1: The one-magnon energy spectrum curve. All the
energies are positive for α > 0.757, while the spectrum has
negative regions when α < 0.757. When α → 0, the curve has
two minimums at k = ±π/2 and two maximums at k = ±π.

k′2 = k′1 = 0 is a solution of the BAE. The two-magnon
bound state energy spectrum is shown in Fig. 2. One can
see that if α > 0.776, all the two-magnon bound states
have non-negative energy. It should be noted that for
0.757 < α < 0.776 a part of the two-magon spectrum can
be negative when the one-magnon spectrum is positive
due to the competition of intrachain AF and interchain
FM couplings. In the case of m-magnon bound state, kj

should satisfy the string hypothesis f(kj) = λm + i(m+
1−2j)/2, j = 1, 2, · · · ,m, where λm, the center of the m-
string, is a real number. We check numerically that the
3, 4, 5, 6-string energies also turn to positive at α = 0.776.
In fact, εn(k)/n is an increasing function of n, where
εn(k) is the energy of the n-string. Thus we expect that
for α > 0.776 all the excited spectrums are positive and
the FM vacuum state is the ground state and quantum
phase transition occurs at αcr1 = 0.776. Let us consider

FIG. 2: The two-magnon bound state energy spectrum curve.
(a) All the energies are negative for α < 0.747. With increas-
ing α, positive energy regions begin to emerge. (b) All the
energies are positive for α > 0.776. With decreasing α, re-
gions of negative energy appear.

further the structure of the spin liquid ground state in
α < αcr1. When α < αcr2 = 0.747 all the energy of two-
magnon bound states are negative. Numerical solutions
show that the state consisting of all two-magnon bound
states has the lowest energy by comparing its energy to
those of other string solutions. This spin liquid state here
is very similar to that of the spin-1 Takhtajian-Babujian
model [17], we call this phase the T-B phase. Because
the 2-string at k = 0 carries zero energy, this spin liquid
is gapless. In the region 0.747 < α < 0.776, part of the
two-magnon state becomes negative. However, only with
these modes one can not get a spin singlet states. Thus
the ground state in this region must consist of different
kinds of m-magnon bound states and its structure is very
complicated due to strong frustration. We call this phase
the frustrated phase. From Bader-schilling’s sufficient
and necessary conditions for the existence of a FM ground
state [6], we approximately get αcr ≈ 0.881, which is
reasonably close to our exact result αcr2 = 0.776.

ii)The J = 1 case. The one-magnon energy is always
negative at k = ±π for all α. Thus the excitation spec-
trum always has a negative energy region and the FM
state is not the ground state. However, there also exists a
quantum phase transition between two spin liquid phases
controlled by the value of α. For α > 0.757, all the one-
magnon states have negative energies. With the same
method used for the usual Heisenberg spin chain, one can
prove that the state consisting of all one-magnon states
occupied, i.e., the gapless Heisenberg spin liquid state has
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the lowest energy by studying the hole and string exci-
tations of this state[16]. Taking the logarithm of Eq.(6),
we have

Ij
L

=
π − kj

2π
−

1

πL

M
∑

l6=j

arctan[f(kj) − f(kl)], (8)

where Ij is an integer or half-integer and f(k) =
kζ(π)/π − ζ(k). In the thermodynamic limit, the den-
sity of the quasi-particle is defined as σ(λ) = dZ(λ)/dλ,
where λ ≡ f(k), Z(λj) ≡ Ij/L. Taking the derivative of
Eq.(8), we have

σ(λ) =
µ′(λ)

2π
−

∫ ∞

−∞

A(λ− λ′)σ∞(λ′)dλ′, (9)

where A(λ) = [π(1 + λ2)]−1, µ′(λ) is the derivative of
µ(λ), µ(λ) ≡ π − k. A simple calculation gives M/L =
∫

σ(λ)dλ = 1/2, indicating a total spin zero state. When
α < 0.757, the energy spectrum of one-magnon states
has positive region and the Heisenberg spin liquid ground
state is no longer stable. By checking the string so-
lutions numerically we find that an M = L/2-magnon
bound state at k = 0 has the lowest energy and should
be the ground state in this case. A classical picture of
this ground state is that all the spins in one chain take
the same direction and are bounded, while all the spins in
the other chain take the opposite direction and are also
bounded, i.e., the Ising spin-density-wave state if we treat
the system as a single spin chain. The low-lying excited
states are those breaking the bound state. The lowest
excited state consists of an (M − 2)-magnon bound state
and 2 magnons. According to the Bethe ansatz equation,
the allowed momentum value of the magnons tend to zero
in the thermodynamic limit and the energies of magnons
are zero, indicating that this exotic spin liquid is gapless.
Therefore, a quantum phase transition from a Heisenberg
spin liquid phase to an exotic Ising-spin-density-wave-like
liquid state phase is expected at αcr = 0.757. A direct di-
agonalization of an eight-site system confirms the above
results.

In summary, an integrable zigzag spin ladder with long
range competing interactions is constructed. The ex-
act spectrum is derived via the asymptotic Bethe ansatz
method. Numerical analysis showed that quantum phase
transitions exist for both J = ±1. This model provides
an elegant spin system from which we can study quantum
phase transitions exactly.
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