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The connection between self-sustained current oscillations (SSCOs) in superlattices and the fa-
mous van der Pol (vdP) equation is established by mapping a widely used model of SSCOs to the
vdP equation. Since this equation can describe an LCR circuit with a nonlinear resistor of negative
differential resistance, we have obtained an equivalent electric circuit for superlattices in the SSCO
regime. The origin of the equivalent inductance in superlattices is revealed.
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Following the original suggestions of Esaki and
coworkers[1, 2], there has been a great deal of experimen-
tal and theoretical work on the vertical transport of su-
perlattices (SLs). One of the recent surprising discoveries
is the self-sustained current oscillations (SSCOs) under
dc bias[3, 4]. It has been shown[5, 6] that SSCOs can be
understood as the manifestations of limit cycle solutions
around unstable fixed points. This picture provides also
an explanation to the frequency locking observed in ac
response[6].

A limit cycle is an isolated closed curve in a phase
space. A closed curve is embedded in a two dimensional

surface. Thus there are two and only two relevant vari-
ables for a limit cycle solution. The motion of the system

on this surface can be described by a two-dimensional dy-
namic system. In another word, a periodic motion on a
limit cycle can in principle be modelled by a second-order
ordinary differential equation (ODE) if proper variables
are used. A natural question is what is the correspond-
ing second-order ODE for the SSCOs in SLs. It is well
known that the so-called van der Pol (vdP) equation[7]
can describe self-sustained oscillations in many natural
dissipative systems such as chemical reactions and an
LCR circuit with a nonlinear NDC under a dc bias. On
the other hand, an SL has obviously both capacitor and
resistor components. It has also a nonlinear resistor with
NDC[1]. Furthermore, there are also proposals that SL
structures may have inductor components[8]. Thus, it
is legitimate to ask whether SSCOs in SLs are the same
type of oscillations as that in a LCR circuit described by
the vdP equation. This is the issue that we want to ad-
dress. In this letter, we show that a widely used model
for SSCOs in SLs can be indeed mapped into the vdP
equation. Thus, in terms of oscillation, an SSCO in an
SL is in the same class as that of the vdP equation.

We start from a discrete drift (DD) model widely used
for SSCOs in SLs[9]. Consider an SL system of N quan-
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tum wells. An external bias U is applied between the two
end wells. A current Ii−1 passes through the ith barrier
under a given bias Vi. The system is governed by the
discrete Poisson equations

k(Vi+1 − Vi) = ni − ND, i = 1, 2, . . .N, (1)

and the current continuity equations

J = k
∂Vi

∂t
+ Ii−1, i = 1, 2, . . .N + 1 (2)

where ni is the electric charge density in the ith well, ND

is doping concentration, and k is a system parameter.
A stead-state solution (SSS) may be unstable[9] if one
chooses Ii = nivi+1(Vi+1), where vi is a phenomenologi-
cal drift velocity through barrier i which is, for simplicity,
assumed to be a function of Vi only. The constraint equa-
tion for Vi is

N+1
∑

i=1

Vi = U. (3)

To close the equations, a suitable boundary condition is
needed. It is reasonable[5, 6] to assume a constant n0,
n0 = δND with δ as a model parameter. k, U , and
ND can be set to 1 by choosing proper units for charge,
length, and voltage. After eliminating ni through Eqs.
(1), one can obtain a N -dimensional dynamic ODEs for
Vi.

Although most experiments of SSCOs in SLs were done
with about 40 wells, SSCOs were also observed in SLs
with as few as 10 wells. Obviously, larger N means more
variables. The recent observation of SSCO in a double
QD system[10] (three barriers with N = 2) coincides with
our view that the relevant variables for an SSCO is two.
The two relevant variables construct the embeding sur-
face of the corresponding limit cycle. For simplicity, we
shall work on a system with two wells and three barriers.

Before preceding our mapping, we introduce first the
vdP equation by finding the governing equation of a non-
linear LCR circuit shown in Fig. 1[11]. U is the applied
dc bias. Denote the static voltage across the nonlinear
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resistor RN as V̄ , and assume RN satisfying the follow-
ing I-V relation i = −aV + bV 3, where a and b are two
parameters, then the deviation of the voltage across the
two ends of the nonlinear resistor, x = V − V̄ , satisfies
the following second-order nonlinear ODE

ẍ + (
3b

C
x2

−
aL − RC

LC
)ẋ +

1 − aR

LC
x +

bR

LC
x3 = 0, (4)

where L, C, and R are the inductance, capacitance, and
usual linear resistance, respectively. There is an oscil-
latory (limit cycle) solution when the nonlinear resistor
has an NDC of range of RC/L < a < 1/R. Thus, the
total differential resistance, R − 1/a, is negative. It also
means that the usual linear resistance should be small,
R <

√

L/C. Under the conditions, (0,0) in V -V̇ phase
plane is an unstable fixed point[11]. The corresponding
equation is the so-called vdP equation[12] that can be
written in the form

ÿ + α(y2
− 1)ẏ + y + βy3 = 0, (5)

where α, β are parameters. The type of the limit cycle
solution depends on α. It changes from sinusoidal for a
small α to a relaxation oscillation for a large α, meaning
that it tends to resemble a series of step functions. This
equation is structurally stable such that adding higher
order terms shall not change qualitatively its oscillatory
solution[7, 11] as long as these higher order terms do
not lead to bifurcations. Some explicit examples in the
bifurcation analysis can be found in Ref. [7] for the vdP
equation. It means that self-sustained oscillations exist
in all LCR circuits with an NDC component no matter
whether its I-V characteristic follows exactly i = −aV +
bV 3.
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−

+

FIG. 1: Schematic drawing of an LCR circuit where L, C, R,
RN denote the inductance, capacitance, usual linear resistor,
and nonlinear resistor of NDC respectively.

We now come back to SSCOs in an SL of two wells and
three barriers, the ODEs of N = 2 become

J = V̇1 + δv1(V1), (6a)

J = V̇2 + (V2 − V1 + 1)v2(V2), (6b)

J = −V̇1 − V̇2 + (2 − 2V2 − V1)v3(1 − V2 − V1) (6c)

Assume V̄1, V̄2, and 1 − V̄1 − V̄2 being the SSS, we can
define variables xi as xi ≡ Vi − V̄i. In order to have an
unstable SSS solution[5], two barriers are under NDC.
Without losing generality, we can put the first two bar-
riers under NDC and the last one in positive differen-
tial resistance regime, and expand their drift velocities
in terms of xi

δvi ≡ vi(Vi) − vi(V̄i) = −aixi + bix
3
i
, i = 1, 2, 3 (7)

where ai and bi are expansion coefficients. a1 and a2 will
be positive, giving rise to NDC. Nonlinearity coefficients
bi (i = 1, 2) are necessary for an NDC[11]. We will also
take a3 to be negative, and b3 = 0.

Since there is no reason why x1 or x2 should satisfy
the vdP equation, (noticing x3 = −x1 −x2), we consider
the equation obeyed by a general quantity, Y ≡ x1 +gx2,
where g is a parameter to be determined. From Eqs. (6)-
(7) and after some algebras, one can obtain an equation
that Y satisfies

Ÿ + (Y 2
− A)Ẏ + ω2Y + fh = 0, (8)

where coefficients A and ω2 are

A =2(δa1 + n̄1a2 + n̄2a3)/3 − (v̄2 + v̄3),

ω2 =
1

3
(δa1n̄1a2 + δa1n̄2a3 + n̄1a2n̄2a3 − δa1v̄2

− 2δa1v̄3 − n̄1a2v̄3 − 2n̄2a3v̄2 + 3v̄2v̄3).

=
1

3
(n̄1a2 − v̄2)(δa1 + n̄2a3 − v̄3)

+ (δa1 − v̄2)(n̄2a3 − 2v̄3).

fh contains higher order terms in xi’s like x2
1, x1x2, x2

2,
etc., and g. Without fh, Eq. (8) is precisely the vdP
equation. A bifurcation occurs whenever an attractor
loses its stability. Thus fh in Eq. (8) becomes irrelevant
when it does not alter the stability of the limit cycle so-
lution of the vdP equation. For a giving term in the vdP
equation, one can use the Liapunov analysis to determine
the stability of a limit cycle solution. A practical analy-
sis in the current problem is highly non-trivial since fh in
our mapping is described by many parameters including
g. In order to see when we can neglect fh, it is better
to think of fh as a morphology of two-dimensional sur-
face with “mountains”, “lakes”, and “plains”. Obviously,
fh can be treated as a constant if it is a “plain” around
(x1 = 0, x2 = 0). Then, Eq. (8) is just a vdP equation.
In general, in the case that terms in fh do not cause any
bifurcation, fh can be dropped as long as we are inter-
ested in the self-sustained oscillation (limit cycle) solu-
tions only, and Eq. (8) is the same as the vdP equation.
The possible occurrence of this case is guaranteed by the
structural stability of the vdP equation[7]. However, fh

should be important, and may cause bifurcations[11] if
(x1 = 0, x2 = 0) is among a rough “mountain”. Many
other interesting solutions are possible[11]. When fh will
be important is not the concern of current work although
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it will be important for other type of solutions like strange
attractors.

Comparing Eq. (8) with Eq. (4), the vdP equation of
an LCR circuit, the product of the effective capacitance
and the effective inductance is inversely proportional to
ω2, i.e.,

LC ∝
1

ω2
.

The Eq. (8) has an oscillatory solution only for A > 0,
ω2 > 0. Thus the total differential resistance is negative,
δa1 + n̄1a2 + n̄2a3 > (v̄2 + v̄3) ≥ 0. In certain sense, the
effective inductance is the consequence of the NDC.

The mapping was achieved by assuming that there are
two potential barriers under NDC regime. This is con-
sistent with general stability conditions[5], and our early
result that the SSCOs originate from the generation of a
limit cycle around an unstable SSS[6]. The mapping is
expected to hold for large N in the SSCO regime. This
can be understood in terms of phase flow diagram. The
dynamics will quickly bring a system into the 2D phase
surface where the limit cycle is embedded in. Thus, there
are only two quantities are relevant, and rest of them are
irrelevant variables, as long as one concerns an SSCO. In
this mapping, however, we have not provided the con-
ditions under which such an unstable SSS exists. Ex-

perimentally, SSCO appears only at right doping, tem-
perature, and other system parameters. It is easy to be
observed in an SL of around 30 wells. Thus the con-
ditions must depend on the number of wells and other
system parameters. It would be interesting to know how
the size of SSCOs regime depends on number of wells.

We would like to point out that the dynamics of SLs is
equivalent to a vdP equation as long as one is only inter-
ested in the SSCO. However, one should understand that
our mapping does not deny other more complicated time-
dependent electric current such as quasi-periodic behav-
iors and chaos[13].

In summary, we have mapped a discrete drift model
widely used for SSCOs in SLs into the vdP equation. We
provide a theoretical base of why a self-sustained oscilla-
tion can in principle be modelled by a second-order ODE:
A limit cycle is embedded topologically in a two dimen-
sional surface. In terms of flow diagram in the phase
space, there are only two relevant variables that span the
surface for the limit cycle. Its dynamics is then deter-
mined by a second ODE. We obtain an equivalent circuit
for SLs in the SSCO regime, in which the effective induc-
tance is originated from the negative differential conduc-
tance.
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