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Abstract 

 

This paper presents a study on selecting electricity contracts for a large-scale chemical 

production plant, which requires electricity importation, under demand uncertainty.  

Two common types of electricity contracts are considered, Time Zone (TZ) contract 

and Loading Curve (LC) contract.  A multi-period linear probabilistic programming 

model is adopted for the contract selection and optimization.  Hence, by using the 

probabilistic programming, a solution procedure is proposed that allow users to 

determine the best electricity contract according to their desired confident level of the 

uncertainties.  In addition, due to the fact that the demand of product is uncertain, if 

one considers the overage and shortage of the products in the market as well, an 

interesting result can be obtained.  The methodology is explained in the paper. 

 

                                                 
* Corresponding author 7004254@cc.m-kagaku.co.jp

 1

This is the Pre-Published Version 

mailto:7004254@cc.m-kagaku.co.jp


Keywords: Electricity Contract, Optimization, Uncertainty, Probabilistic 

Programming, Confidence Level. 

 

1. Introduction 

 

Deterministic models are commonly used for production planning in which it is 

assumed that the prices, demand of products and the availabilities of raw materials, 

etc., are known.  In fact, unlike process operations, market conditions in the future 

time horizon, in which process operation is planned, present uncertainties that play an 

important role in a planning process.  Many studies on this topic have been conducted 

in the recent years [1]. 

Sources of uncertainty in production planning can be categorized as short-term or 

long-term [2] based on their time frames.  Short-term uncertainty may include day-to-

day processing variations, cancelled/rushed orders and equipment failure etc. Long-

term uncertainty refers to raw material/final product unit price fluctuations, demand 

variations and production rate changes over longer time frames. 
 

Nomenclature 

 

Sets 

i, (i = 1,2,…..12)  Month 

j, (j = 1,2,3)   Shift (1: Day, 2: Night and 3: Mid-night) 

 

Variables 

yij    Amount of P produced at different i and j (t/shift) 

qij    Amount of EL imported at different i and j (MW) 

Xi    Demand, a random variable at month i (t) 

xi    Realized demand at month i (t) 

Pi    , Production target at month i (t) j
j

ij SLy ×∑

SD Maximum electricity importation during the whole contract 

period at D shift (MW) 

SN Maximum electricity importation during the whole contract 

period at N shift (MW) 
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SM Maximum electricity importation during the whole contract 

period at M shift (MW) 

TEL    Annual electricity importation, ∑∑ ×
i j

jij SLq  (MWH) 

ELFix    Electricity fixed cost (MYEN) 

 

Parameters 

SLj    Length of shift j (8 h/shift) 

r    Product price $0.035 (MYEN/t) 

Cij    Cost parameter of EL at different i and j (MYEN/MW) 

qijMin Lower bound of electricity importation in each shift (MW) 

qijMax Upper bound of electricity importation in each shift (MW) 

aD Parameter corresponding to the max electricity importation at 

D shift. Value used in the case study: 14 (MYEN/MW) 

aN Parameter corresponding to the max electricity importation at 

N shift. Value used in the case study: 3 (MYEN/MW) 

aM Parameter corresponding to the max electricity importation at 

M shift. Value used in the case study: 1.5 (MYEN/MW) 

aT Parameter corresponding to the total electricity importation. 

Value used in the case study: 0.0025 (MYEN/MWH) 

α     Confidence Level 

MAj    Max. capacity of production at shift j (30 t per shift) 

ELMAXj Maximum electricity importation limit at SD, SN and SM 

(MW) 

θ     Mean of demand at month i (t) 

σ     Standard deviation of demand at month i (t) 

φ     Probability density function 

g(xi)    Probability density function (pdf) of Xi, g(xi) = d /dxi )( ixΦ

Φ    Cumulative distribution function (cdf) of X 

Φ-1    Inverse of cumulative distribution function 

z    (P-θ )/σ  

 

So far, very few applications of optimization under uncertainty have been made in 

chemical process operations [3], especially for the electricity contract optimization for 

industrial process operations.  In fact, selecting a right electricity contract for a large-

scale chemical production plant, which requires electricity importation, is very 
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important for minimizing overall energy cost.  The amounts of steam and electricity 

usages in a chemical production site are fluctuated due to the uncertain market 

conditions.  These fluctuations on one the hand can be adsorbed by the utility system, 

or on the other hand balanced by the importation of electricity. 

Importing electricity from an external supplier requires a long-term contract that 

normally covers a period of one to three years.  Several types of electricity supply 

contracts are designed by the suppliers that target for different type of customers.  The 

contract fee often depends on the overall of annual consumption, the maximum 

consumption rates at the peak, medium and low demand periods and the emergency 

backup, etc.  In the existence of uncertain factors such as product demands, the 

determination of a long-term electricity supply contract and its values are definitely 

affected.  This paper is going to present a mathematical model and a systematic 

procedure for selecting an optimal electricity long-term contract under uncertainty.  In 

this model, the demand of product is assumed to be uncertain.  By considering the 

overage and shortage of the products in the market, an interesting result is found for 

decision-making. 

Notice that the overage products refer to the products that cannot be absorbed by the 

market and disposed eventually; while the shortage products are not compensated 

from the outside environment in order to fulfil the market demand. No inventory is 

provided for holding such kind of unsold products. 

 

2. Probabilistic approach 

 

There have been two general stochastic approaches [4] to solve uncertain problems: 

one is the two-stage stochastic programming and the other is chance constrained 

programming (also known as probabilistic approach). In authors [5] argued that the 

choice of the appropriate method is content-dependent, with no single theory being 

sufficient to model all kinds of uncertainty.  It is noticed that with both solution 

strategies there have been, until now, no suitable approaches to the nonlinear 

problems. In this paper, the probabilistic approach is mainly concentrated and 

elaborated in the next section. 

From the application point of view, the method of chance constrained programming to 

linear, nonlinear and dynamic problems has been developed and applied to many 

disciplines like finance and management [6, 7] in recent years. However few 
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applications have been made in chemical process operations [3]. Usually, the 

probabilistic approach seeks to satisfy the constraints involved by a pre-determined 

confidence level, denoted as )10( ≤≤αα , based on the known probability density or 

cumulative distribution of the uncertain variables [4, 6].  Therefore, this approach can 

provide essential information on the economical achievements as a function of the 

desired confidence level.  For complex plant operations under multiple uncertainties, 

the sources of risk that have the most significant impacts on the profitability can be 

identified [8, 9]. 

Using the probabilistic approach, a stochastic programming problem under chance 

constraints is formulated for optimization. In many cases, it can be relaxed to an 

equivalent deterministic LP or NLP problem. The essential challenge lies in the 

computation of the probabilities of holding the constraints. Its unique feature is that 

the resulting solution ensures the probability of satisfying constraints. The solution 

leads to an expected optimal value of the objective function by searching for the 

decision in a feasible region at a given confidence level.  In addition, the term -- 

Confidence Level can be defined into two ways: the first one is related to the 

constraint that the amount of the product being produced can satisfy the market 

demand.  For example, we have 90% confidence to fulfil the market demand for the 

produced product.  The second definition is related to the constraint that the amount 

of the generated product can be sold to the market.  For example, we have confidence 

to sell out 90% of product.  Different people have different interpretation to this term; 

users should make clear before using it. In this work, we adopt the former definition 

throughout the paper.  Since α  has to be defined by the decision-marker, it is possible 

to select different confidence levels and make a compromise between the objective 

value and the risk of constraint violation. 

 

3. A Case study 

 

3.1. Problem Definitions 

 

A motivating example shown in Figure 1 is used for illustrating the problem and the 

proposed solution method.  In this problem, process “A” is going to produce product 

by mainly consuming electricity.  Each ton of product being produced consumes 850 
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kW of electricity. The price of raw material is negligible in this example. The product 

demand from the market is under uncertain. 

 

3.2. Uncertain market demand 

 

In this case, the objective is to maximize the profit.  However, due to the uncertain 

market demand, i.e. the demand of product is an uncertain variable, X, cannot be 

determined a priori. This results in an overage of product if the production rate is 

overestimated or a shortage of product if the production rate is underestimated. Both 

situations will lead to a profit reduction or even a negative profit for the production 

plant. Fortunately, this unhealthy condition can be remedied by taking the demand 

uncertainty into consideration. Let assume the uncertainties of product demands 

having a normal distribution. As shown in Table 1, the distribution is described with 

four seasons: Winter, Spring, Autumn and Summer, each season has its demand 

distribution, while the demand distribution in autumn and spring are the same.  Figure 

2 represents the density function of the uncertain variable in different seasons.  

 

3.3. Electricity contract and cost calculation 

 

As the production of product requires electricity, based on the demand distribution, 

the overall electricity imported from a power plant can be estimated.  Actually, this is 

an important step to have a general idea regarding the amount of electricity being 

consumed before signing a contract with the power plant.  In general, there are two 

common types of electricity contracts provided by the power plant [10], which are 

Time Zone (TZ) contract and Loading Curve (LC) contract, users can base on 

contractual information provided by the electricity suppliers or their estimated 

electricity purchase amount to choose an optimal contract in order to minimize the 

electricity cost. The characterization of the two kinds of contracts is as follows: 

TZ Contract: Electricity supply is classified into several types (e.g. peak, normal and 

off peak) according to the demand in different time shifts and periods. Simple 

regulations or restrictions are employed in the contract to encourage the users to 

consume more electricity during the off peak periods, such as different prices, intake 

maximum and/or minimum values at different time periods.  
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LC Contract: Besides different electricity types, the LC contract has more restrictions 

on the purchase of customers, so that the electricity company can plan its operation 

easier.  The customers are requested to follow the upper and lower importation limits 

at all time shifts, the annual overall purchasing amount, and some other constraints for 

the contracted year.  If any of these restrictions is violated, penalties will be charged 

on the customers.  The customers however are rewarded by a lower electricity tariff 

and are guaranteed by the contracted demand. 

For the calculation of the electricity contract fee, the cost is divided into two 

categories, variables cost and fixed cost.  Different kinds of variable cost calculation 

method are adopted in current commercial practice, and they can be briefly classified 

into three types.  First, the variable cost only has one fixed value.  The variable cost 

only depends on the intake amount and the fixed cost parameter. Second, the 

electricity company defines a cost profile, which divides the electricity purchased 

amount into different ranges, and each range has its own cost parameter.  The variable 

cost will then be calculated by the purchased amount multiplying with its 

corresponding cost parameter.  Third, the cost parameters vary according to the time 

shifts (D: Day, N: Night & M: Mid-night).  Thus, the variable cost is calculated by the 

total importing amount and the time period of the importation.  In this paper, both 

contracts are using the third type to calculate the variable cost. 

Besides the variable cost, fixed cost also takes a very important position in the 

electricity supply contract.  Fixed cost is a fixed annual fee that the plant site has to 

pay every year, which depends on the maximum importation peak on the contracted 

period.  Allowing a higher maximum import level, the production site might have a 

higher flexibility for production and/or maintain its production even during utility 

equipment failure.  On the other hand, a higher maximum importation rate increases 

the fixed cost.  The profit gain due to higher productivity may not be able to 

compensate the additional payment of the electricity contract.  Thus, careful 

consideration of the electricity contract is necessary. 

For the TZ contract, the contract fee contains the variable cost only; the calculation 

method is already mentioned above by using the third method.  The upper bound of 

25 MW importation rate in each shift is applied for the whole contracted period.  

Notice that there is no lower bound of annual importation for the TZ contract. 
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For the LC contract, the upper bound of importation rate is different in different 

seasons and time shifts.  The contract fee contains two parts, variable cost and fixed 

cost.  The fixed cost calculation follows the Eq. (1) stated below. 

Those parameters and conditions of the two contracts offered by the power plant are 

shown in the Table 2, 3 and 4. 

 

ELFix = TELaSaSaSa TMMNNDD +++      (1) 

 

In brief summary, the equations to calculate the contract fee of TZ and LC contracts 

are shown as follows: 

ELcost TZ = [ ]∑ ×
ij

ijj parametertimportedELofAmount )(cos)(   (1a) 

ELcost LC = [ ]∑ ×
ij

ijj parametertimportedELofAmount )(cos)(  + ELFix 

       (1b) 

 

Let us use two simple examples to show the calculation of the electricity cost based 

on the different contract types (TZ or LC), and see which contract is optimal.  The 

electricity prices are provided in Table 2. 

 

Example 1: The annual electricity importation and the upper bound at each shift are 

shown Table 5. Then the electricity cost can be calculated as follows: 

 

ELcost TZ = 500*0.022+1000*0.011+2000*0.0077 

=37.4 MYEN 

 

ELcost LC = (500*0.018+1000*0.006+2000*0.003) 

+ (0.3*14+0.4*3+0.7*1.5+3500*0.0025) 

                =36.2 MYEN 

 

It means selecting the LC contract is better than TZ contract.  
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Example 2: The annual electricity importation and the upper bound at each shift are 

shown Table 6.  Then the electricity cost with different contracts can be calculated as 

follows: 

 

ELcost TZ = 300*0.022+700*0.011+1500*0.0077 

                = 25.85 MYEN 

 

ELcost LC = (300*0.018+700*0.006+1500*0.003) 

+ (0.3*14+0.4*3+0.7*1.5+2600*0.0025) 

                = 27.05 MYEN 

 

In this case TZ contract would be better! 

 

These two examples demonstrate the choice of an electricity contract depends on the 

annual electricity importation.  The customers should have a good estimation of 

electricity amount to be consumed during the contracted period before making a 

decision. 

However, it might turn out that the contract being chosen may not be the best due to 

the uncertain factors.  An uncertain demand, one of the uncertain factors, definitely 

affects the rate of electricity importation during the contracted period.  Hence, the 

customers might suffer from the high electricity costs if the demand uncertainty is 

neglected. 

 

4. Production planning under uncertainty 

 

Assuming that this is a 12-month, i = 1,…,12, planning period production with 3 

operating shifts, j = D, N, M in a day (8 hours each shift).  The objective of this study 

is to generate a production plan for maximum profit with considerations of uncertain 

market demand and electricity prices together with the electricity contract 

information. 

Table 7 shows the amount of product that satisfies the market demand at the 

predefined confidence level.  Take March at α  = 0.3 as an example to demonstrate 

the calculation of the data in Table 7.  Using the mean and standard deviation of 

March distribution, a cumulative density function curve can be obtained and shown in 
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Figure 3.  At α  = 0.3, the product amount that satisfies the market demand is 

determined, which is 9905.61 t.  This method can be applied for finding other 

production targets at different confidence levels. 

 

4.1. Mathematical Formulation 

 

The optimization problem is formulated with two different stochastic constrained 

models.  The first model is used for Electricity Cost calculation and the second is for 

Revenue calculation. The electricity cost calculation is based on the defined 

confidence level; optimization is required to find out the optimal imported electricity 

amount in each shift.  After that the revenue calculation can then be easily calculated 

based on the optimal imported electricity amount. There is no optimization required 

for revenue calculation.  Let us first define the objective function in a mathematical 

way: 

 

Obj. function  Max Profit = (Revenue – Electricity cost) 

 

The solutions for calculating the Revenue and Electricity cost are explained in detail 

in the following two sections. The electricity cost calculation is discussed first. 

 

4.1.1. The electricity cost 

 

To model the calculation of the electricity cost, let qij and yij denote the positive 

variables of electricity input and product output in different months (i) and shifts (j), 

respectively.  Cij and SLj represent the electricity price and shift length.  ELFix shown 

in Eq. (1) is comprised of some terms, let SD, SN and SM denote the maximum 

electricity demand at D, N and M shifts corresponding to their parameters aD, aN and 

aM.  SD, SN and SM are positive variables to be determined by the model.  TEL stands 

for the total electricity importation during the contracted period corresponding to the 

parameter, aT.  The model is implemented in the framework of GAMS [11] and 

solved it with the solver OSL [12].  In summary, the electricity cost corresponding to 

a predefined confidence level can be obtained by solving the following model: 

 

 

 10



Min Electricity cost = ( )∑∑ ×
i

j
j

SLijijqC  + ELFix   (2.1) 

 

s.t  ijij yq 85.0=       (2.2) 

        (2.3) ijMaxijijMin qqq ≤≤

( ) α≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≥×∑ i

j
jij XSLyPr      (2.4) 

  jij MAy ≤        (2.5) 

        (2.6) 000,100≥TEL

jMND ELMAXSSS ≤,,      (2.7) 

         (2.8) 0, ≥ijij yq

  i =1,...,12 and j =1,...,3 

 

Eq. (2.1) minimizes the variable and fixed cost of electricity. Eq. (2.2) enforces the 

material balance, it means that 850 kW of electricity required producing one ton of 

product per hour; while Eq. (2.3) ensures that the supply of electricity at each shift 

would not under/exceed the assigned lower/upper bound (qijMin/qijMax) value by the 

contract (note that different contracts have different qijMin and qijMax values).  Eq. (2.4) 

determines the production rate of ( )∑ ×
j

jij SLy  at each month, which fulfils the 

market demand by the defined confidence level (i.e. the probability of production rate 

greater than the demand should be equal or greater than the defined confidence level).  

Eq. (2.5) ensures that the production rate in each shift should not exceed the 

maximum plant capacity, MAj. Eq. (2.6) restricts the plant to import at least 

100,000MWH during the whole contract period.  This constraint is applied for the LC 

contract only (note that ∑∑ ×=
i j

jij SLqTEL ). Eq. (2.7) restricts the electricity 

purchase below the upper limit for electricity importation at each shift, ELMAXj. 

The problem defined above is called stochastic probabilistic (or constrained) 

programming problem.  To solve this problem with an available optimization routine, 

the probabilistic constraint must be relaxed by replacing Eq. (2.4) with the following 

(Please see the appendix part I): 
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( ) )(1 α−Φ≥×∑
j

jij SLy       (2.4a) 

 

Hence, the only difference between the stochastic and relaxed programming is Eq. 

(2.4) and (2.4a), in which the stochastic constraint is relaxed to an equivalent 

deterministic form.  The  means the inverse of cumulative density function with 

 [13].  The meaning of 

1−Φ

1)( =∞Φ Φ  and 1−Φ  would be explained in more detail in the 

following section. 

 

4.1.2. The Revenue 

 

The revenue corresponding to the same confidence level is calculated as follows: 

 

Revenue =      (3.1) ( )∑∫
∞

×
i

iiii dxxgxPr
0

)(,min

 

s.t ( )∑ ×=
j

jiji SLyP       (3.2) 

i=1,...,12 and j=1,...,3  

 

r refers to the product price.  Pi equals to the monthly production target.  The demand, 

x, is assumed to have a continuous normal distribution that is described by two 

parameters, the mean θ  and the standard deviationσ .  Here g(x) represents the 

probability density function (pdf).  The cumulative distribution function (cdf) is the 

integral of the density function, i.e. .  Hence, the expected demand (∫
∞

0
)( dxxg θ ) can 

be calculated by multiplying the demand, x, in the integral.  Hence, the term 

 represents the expected demand in each month.  However, by replacing it 

with , it becomes the expected amount of product sold to the 

market, i.e. the smaller value among the demand and production rates would be 

selected for the integration.  In the other words, products in overage or shortage are 

considered in the revenue calculation. In fact, this integral is based on the assumptions 

that the overage products that are not sold to the market would not be stored and 

∫
∞

0
)( dxxxg

∫
∞

0
)(),min( dxxgxP
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disposed eventually, while the shortage products would not be imported from outside 

companies to fulfil the market demand and no inventory holding as well.  For other 

cases that do not apply for the above assumptions, the expected result is not valid. 

Let take one simple example to illustrate the meaning of ∫ .  

Assume x = 13000 t and P = 12000 t.  Since the demand is 13000 t, and the plant can 

only produce 12000 t, the actual amount of the product sold to the market is 12000 t 

only.  Therefore, by multiplying the corresponding price, r, in the integral, the 

expected revenue can be calculated by using Eq. (3.1).  

∞

0
)(),min( dxxgxP

In addition, Eq. (3.1) is also related with Eq. (3.2), in which yij is already determined 

from the electricity cost calculation.  This constraint is used to define the production 

target, P, in order to fulfil the market demand by the defined confidence level.  Hence, 

by applying the basic probability techniques [14], Eq. (3.1) can be solved by available 

commercial routines, and the problem can be relaxed to the following deterministic 

form (Please see the appendix part II and III):  

 

Revenue = ( ){ }∑ −Φ−+Φ×
i

iiiiii zzPzr )()(1)( φσθ    (4.1) 

 

s.t ( )∑ ×=
j

jiji SLyP        

where z = (P-θ )/σ  

i=1,...,12 and j=1,...,3 

 

where φ,Φ  represent the cdf and pdf of the standard normal distribution, respectively.  

It is noted that Eq. (4.1) is obviously easier to solve than Eq. (3.1) since it does not 

have an integral term.  The value of )(),( zz φΦ  can be easily obtained by calling 

standard routines.  Hence, at different confidence levels, the expected revenue can be 

calculated.  It is remind that the derivation of equations (2.4) and (3.1) can be found in 

the Appendix and the meaning of each symbol shown in these two models can be 

found in the Nomenclature. 

 

Although individual models are set up for calculating the electricity cost and revenue, 

they can be combined as one model for optimization indeed.  The revenue model, 
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however, doesn’t involve the optimization skill; therefore it is possible to consider 

both models separately in order to make a clearer picture.  

 

4.2. Results and Discussions 

 

Table 8 and 9 show the results of revenue and electricity cost models.  

 

Here we pick up α  = 0.9 as an example to illustrate the calculation of the expected 

revenue and electricity cost for TZ and LC contracts. 

 

The Revenue: Using constrained equation (2.4a), by fixing the confidence level at 0.9, 

the production rate can be determined and shown in Table 10. 

 

Then, by using the Eq. (4.1), the expected revenue can be calculated as follows: 

 

MYEN

venue

69.4895
250

1300039.13320250
50

1300039.13320139.13320
250

1300039.1332013000

180
1000068.10230180

180
10000068.10230168.10230

180
1000068.1023010000

220
1200094.12281220

220
1200094.12281194.12281

220
1200094.1228112000

4035.0Re

=

⎥
⎦

⎤
⎟
⎠
⎞

⎜
⎝
⎛ −

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

Φ−+⎟
⎠
⎞

⎜
⎝
⎛ −

Φ+

⎟
⎠
⎞

⎜
⎝
⎛ −

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

Φ−+⎟
⎠
⎞

⎜
⎝
⎛ −

Φ+

⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

Φ−+⎟
⎠
⎞

⎜
⎝
⎛ −

Φ

××=

φ

φ

φ

 

The electricity cost: At α  = 0.9, the optimal annual electricity importation at each 

shift and the maximum electricity importation after optimization are shown in the 

Table 11. 

 

Then the cost can be computed as follows: 

 

ELcost TZ = 292*0.021+48540.74*0.011+73000*0.0077 

= 1102.17 MYEN 

 

ELcost LC = (9775.92*0.018+39056.31*0.006+73000*0.003)  

 + (7.18*14+15*3+25*1.5+121832.23*0.0025 
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                 =1116.85 MYEN 

Hence, Profit under TZ contract = 4895.69 – 1102.17 = 3793.52 MYEN 

 

 Profit under LC contract = 4895.69 – 1116.85 = 3778.84 MYEN 

 

The figures 4 and 5 indicate the electricity importation under the TZ and LC contracts 

at α = 0.9.  Both of them show the company should import less electricity at D and N 

shifts and the amount pointed to the upper bound at M shift.  The reason is due to the 

high electricity price corresponding to D and N shifts, the company should avoid 

consuming electricity at these two shifts in order to minimize the electricity cost.  

Actually, this is a typical profile for the LC/TZ contract in the industrial practice.  A 

similar result could be obtained at various confidence levels for both contracts. 

Table 12 and figure 6 show the results of the two profits by applying the TZ and LC 

contracts.  It can be seen that both contracts have the optimal points at one particular 

confidence level.  It is interesting to point out that this result cannot be found from 

some conventional uncertainty studies.  In conventional studies, if α  is toward zero, 

the demand inequality of Eq. (2.4a) is meaningless, which means that the optimization 

can be made without this constraint.  Then the profit remains maximal at α  equals to 

0.  In other words, the Profit against confidence level curve is always descending. 

However, this is only correct when we use the expectation of demand for calculating 

the revenue.  If we use Eq. (4.1) to calculate the revenue instead of using expectation, 

the result shows a maximum point at one particular confidence level.  Therefore, 

when we only adopt the TZ contract for the production planning, we should choose α  

= 0.7 for the production target in order to maximize the profit.  The same situation is 

applied for the LC contract, but the optimal confidence level is located at 0.4.  It is 

noted that there is a considerable drop of profit at α  from 0.9 to 0.9995.  The reason 

is that, if the confidence level is increased from this range, more products may turn 

into the overage products and cannot be sold to the market eventually.  Thus the profit 

decreases.  This is the same logic for explaining the considerable change of profit at 

the lower confidence level. 

However, it is interesting to note that if both contracts are taking into consideration 

simultaneously, there is an intersecting point.  The two curves intersect at the α =0.76.  

nce, if a desired confidence level chosen by the decision-marker is smaller than He
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0.76, the profit obtained under the LC contract is higher than the TZ contract and vice 

versa.  It turns out that if a company has planned its production schedule with the 

confidence level lower than 0.76, there would be less than 76% probability for the 

products to satisfy the market demand, and then it is better to choose the LC contract; 

otherwise the TZ contract would be the wise choice for the confidence level above 

0.76.  

The selection of the right electricity contract is sensitive to the prices of electricity.  

Considering another set of electricity price for the TZ contract with D: 20000 

YEN/MWH, N: 10500 YEN/MWH and M: 7500 YEN/MWH, in which the price at 

all shifts are decreased a little bit compared with those prices given in Table 2.  The 

profit changes with confidence level are shown in figure 7.  It is found that by 

decreasing the electricity price for the TZ contract, the profit definitely increases.  

However this shifts the intersecting point from the α =0.76 to α =0.26.  This means 

that if the company has planned its production schedule with the confidence level 

lower than 0.26, then it is better to choose the LC contract; otherwise the TZ contract 

would be a better choice.  The solution can provide different information for the 

decision-marker to analysis and choose the electricity contract based on the defined 

confidence level at different combination of contract values. 

 

5. Conclusions 

 

In this paper, the probabilistic programming model is used for selecting a right 

electricity importation contract under demand uncertainties.  The selection of 

electricity contract and the optimization of contracted terms should be carefully 

studied for every individual consumer under his/her desired confidence level.  Instead 

of letting the optimizer determine the selection of electricity contract, this paper 

presented an approach that allows the users to make decisions based upon the desired 

confidence level of satisfying the uncertain demands.  A case study is used to 

illustrate the scope of the approach. 
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Appendix 

 

Part I. 

From Eq. (2.4), the production rate greater than the demand should be equal or greater 

than the predefined confidence level.  To describe the random variables, Xi, it is 

assumed that the pdf of each variable is known. 
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Part II. 

In Eq. (3.1), the value of the expected revenue with production target Pi needs to be 

evaluated, this is derived in the follows:  
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Part III. 

From Eq. (A.4) to Eq. (A.5) can be derived by considering the following term: 
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The terms in Eq. (A.6) can be calculated with an available commercial routine. 
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Fig. 1. Process network for the motivating example. 
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Fig. 2. Density function of the uncertain variable in the case study. 
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Fig. 3. The cumulative density function at March. 
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Fig. 4. Electricity importation Vs. Month of TZ contract. 

 24



1N 2D 2M 3N 4D 4M 5N 6D 6M 7N 8D 8M 9N 10D10M11N12D12M

0

10

20

30

El
ec

tri
ci

ty
 Im

po
rta

tio
n 

(M
W

)

M onth

 LC  C ontract a t 0 .9  C .L

 
Fig. 5. Electricity importation Vs. Month of LC contract. 
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Fig. 6: The profit Vs. Confidence level. 
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Fig. 7: Profit Vs. Confidence level with the second set of electricity price for the 

TZ contract. 
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Table 1 

The Mean of production target of product and its standard deviation 

Month 
Winter  

(Nov – Feb) 

Spring & Autumn 

(Mar, Apr, Sep, Oct)

Summer  

(May – Aug) 

Mean θ  (t) 12000 10000 13000 

Standard Deviation σ  (t) 220 180 250 
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Table 2 

Electricity price in LC and TZ contract 

Shift 
Electricity Price, Cij (YEN/MWh) 

LC contract                         TZ contract 

D 18000 21000 

N 6000 11000 

M 3000 7700 
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Table 3 

Upper and lower bound of electricity importation in LC and TZ contract 

Shift 
Upper bound of electricity importation (MWh/shift) 

LC contract                        TZ contract 

D 10 25 

N 15 25 

M 25 25 

The lower bound of electricity importation in each shift is applied for the LC contract, 

which is equal to 0.5MW 
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Table 4 

Fixed electricity cost calculation for the LC contract 

SD, SN, SM Maximum of normal EL import at D, N and M shifts (MW). 

aD, aN, aM 
Fixed cost parameter of the normal EL import at D, N and M shifts 

(Day: 14, Night: 3, Mid-night: 1.5, MYEN/MW). 

TEL Total electricity import (MWh), at least 100,000 MWh. 

aT Cost parameter for total electricity import (0.0025 MYEN/MWh). 
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Table 5 

Data for Example 1 

Shift Annual EL importation (MWh) Max EL importation in each shift (MW) 

D 500 0.3 

N 1000 0.4 

M 2000 0.7 
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Table 6 

Data for Example 2 

Shift Annual EL importation (MWh) Max EL importation in each shift (MW) 

D 300 0.3 

N 700 0.4 

M 1500 0.7 

 

 33



Table 7 

The Production Target of product at different confidence levels 

Confidence level 

Winter  

(Nov – Feb) 

(T) 

Spring & Autumn 

(Mar, Apr, Sep, Oct)

(T) 

Summer  

(May – Aug) 

(T) 

0.0005 11276.07 9407.63 12177.24 

0.10 11718.06 9769.32 12679.61 

0.20 11814.84 9848.51 12789.59 

0.30 11884.63 9905.61 12868.90 

0.40 11944.26 9954.40 12936.66 

0.50 12000.00 10000.00 13000.00 

0.60 12055.74 10045.60 13063.34 

0.70 12115.37 10094.39 13131.10 

0.80 12185.16 10151.49 13210.41 

0.90 12281.94 10230.68 13320.39 

0.9995 12724.02 10592.36 13822.70 
*Notice that 0.0005 and 0.9995 are used as the minimum and maximum confidence levels instead of 0 

and 1. Hence 99.9% cases would be covered. 
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Table 8 

Expected Revenue with respect to confidence level 

Confidence level Expected Revenue (MYEN) 

0.0005 4600.52 

0.1 4779.07 

0.2 4813.25 

0.3 4834.96 

0.4 4851.01 

0.5 4863.70 

0.6 4874.06 

0.7 4882.68 

0.8 4889.84 

0.9 4895.69 

0.9995 4899.99 
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Table 9 

Electricity cost with respect to confidence level under LC and TZ contracts and the 

total electricity import 

Confidence level 
Electricity cost (MYEN) 

LC contract                TZ contract 

EL imported     

(MW) 

0.0005 899.25 991.02 111727.19 

0.10 989.79 1039.87 116167.77 

0.20 1009.97 1050.56 117140.01 

0.30 1025.91 1058.27 117841.07 

0.40 1039.56 1064.86 118440.10 

0.50 1052.32 1071.02 119000.00 

0.60 1065.08 1077.18 119559.90 

0.70 1078.73 1083.77 120158.93 

0.80 1094.70 1091.48 120859.98 

0.90 1116.85 1102.17 121832.23 

0.9995 1218.04 1151.02 126272.86 
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Table 10 

Product rate 

α  Nov – Feb (t) Mar, Apr, Sep, Oct (t) May – Aug (t) 

0.9 12281.94 10230.68 13320.39 
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Table 11 

Amount of electricity to be purchased 

 TZ contract LC contract 

Shift 
Annual EL Imported 

(MW) 

Annual EL Imported 

(MW) 

Max EL Imported 

(MW) 

D 292.00 9775.92 7.18 

N 48540.74 39056.31 15.0 

M 73000.00 73000.00 25.0 
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Table 12 

The profit Vs. Confidence level 

Confidence level 
Profit (MYEN) 

LC contract                           TZ contract 

0.0005 3701.27 3609.50 

0.10 3789.28 3739.20 

0.20 3803.28 3762.69 

0.30 3809.04 3776.69 

0.40 3811.45# 3786.15 

0.50 3811.38 3792.68 

0.60 3808.99 3796.88 

0.70 3803.95 3798.91# 

0.80 3795.14 3798.36 

0.90 3778.84 3793.52 

0.9995 3681.95 3748.97 
# The maximum profit obtained by the contract. 
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