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Abstract 

This paper presents a heuristic approach based on genetic algorithm (GA) for solving large-size 
multi-stage multi-product scheduling problem (MMSP) in batch plant. The proposed approach is suitable 
for different scheduling objectives, such as total process time, total flow time, etc. In the algorithm, 
solutions to the problem are represented by chromosomes that will be evolved by GA. A chromosome 
consists of order sequences corresponding to the processing stages. These order sequences are then 
assigned to processing units according to assignment strategies such as forward or backward assignment, 
active scheduling technique or similar measures, and some heuristic rules. All these measures greatly 
reduce unnecessary search space and increase the search speed. In addition, a penalty method for handling 
the constraints in the problem, e.g., the forbidden changeovers, is adopted, which avoids the infeasibility 
during the GA search and further greatly increases the search speed.  

Keywords: Multi-stage scheduling; Mixed-integer linear programming; Genetic algorithm; Heuristic rule; 
Active schedule 

1. Introduction 
Multi-stage multi-product scheduling problem (MMSP) in batch plant has been always attractive to the 

process scheduling researchers, which is much more complex than single-stage multi-product scheduling 
problem (SMSP) with parallel units. Pinto and Grossmann (1995) presented a continuous-time 
mixed-integer linear programming (MILP) model for MMSP. They used the concept of parallel time 
coordinates for units and tasks. Pinto and Grossmann (1996) still proposed an alternative model in which 
the pre-ordering of orders was imposed explicitly, by applying a representation of the time slots for the 
units. This resulted in a significant reduction in the computational time. Cerda et al. (1997) proposed a 
continuous-time MILP model for SMSP. They used tri-index decision variables as well as the concept of 
predecessor and successor to describe the order assignment to various production units while taking into 
account sequence-dependent changeover constraints. To deal with large size problems, they proposed 
heuristics, such as order preordering, to reduce the number of feasible predecessors for each order. On the 
basis of the notion of time slots, Karimi and Mcdonald (1997) proposed two models for parallel 
semicontinuous processes considering sequence-dependent setup times, orders, and their corresponding due 
dates in order to minimize the inventory. The major advantage of the formulation is that it can incorporate 
fixed time events such as due dates while using continuous representation of time. Ierapetritou et al. (1998) 
presented an effective continuous time formulation for short-term scheduling of multi-purpose batch plants. 
The novel feature of this formulation was the de-coupling of task events from unit events, which greatly 
reduced the number of decision variables. The major limitation of this formulation was that it required 
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pre-ordering of all the orders in advance, which restricted its application to specific problems. Furthermore, 
the model had difficulty in accounting for order sequence dependent constraints. Hui et al. (2000) presented 
a general continuous-time MILP model for MMSP. The requirement of binary decision variables was 
considerably reduced by the application of tri-index variables to represent order sequencing and changeover. 
The main advantage of this model compared to the other recently proposed formulations was the significant 
reduction in the number of binary variables. Cafaro and Cerda (2004) presented a new MILP 
continuous-time approach for the scheduling of a single multi-product pipeline transporting refined 
petroleum products from a single oil refinery to several distribution centers. By adopting a continuous 
representation in both time and volume, a more rigorous problem description and a significant reduction in 
binary variables, constraints and CPU time were simultaneously achieved. The use of a rigorous problem 
representation brings about several advantages.  

When production recipes become more complex and/or different products have low recipe similarities, 
processing networks are used to represent the production sequences. This corresponds to the more general 
case in which batches can merge and/or split and material balances are required to be taken into account 
explicitly. Kondili, Pantelides, and Sargent (1993) proposed a general framework of state-task network 
(STN) for the ambiguity-free representation of such processes. The main advantages and drawbacks of 
STN were summarized by Kallrath (2003). Pantelides (1993) then proposed an alterative representation, the 
resource-task network (RTN), which describes processing equipment, storage, material transfer and utilities 
as resources in a unified way. Ghaeli et al. (2005) presented a novel approach based on the timed place 
Petri-net (TPPN) formulation for the scheduling of batch plants. The changes in the markings of a TPPN 
model completely described the evolution of different operations. The optimal schedule could be obtained 
by searching through the reachability tree of the TPPN model using the branch and bound method. A 
heuristic algorithm is applied in order to decrease the number of searches through the reachability tree. 
Comparisons of TPPN-based algorithms with traditional MILP were also discussed.  

Heuristic rules are widely used techniques to reduce the size of MILP models. Pinto and Grossmann 
(1996) greatly cut down the size of their model (Pinto and Grossmann, 1995) for multistage batch plants by 
imposing preordering constraints (heuristic rules) into it. The formulation of the simplified model involves 
only decisions on the assignment of orders to units and the timing of each processing task. However, the 
preordering constraints affect the optimality of the scheduling model. Cerda et al. (1997) reduced the size 
of the scheduling model for single-stage multiproduct batch plants with parallel lines by introducing some 
heuristic rules, so that the feasible predecessors of an order are pruned. These heuristic rules are also used 
by Mendez et al. (2000a and 2000b) and Hui and Gupta (2000). However, if these heuristic rules are used, 
the optimal solutions are no longer guaranteed, especially when the makespan is minimized. The MILP 
model proposed by Chen et al. (2002) introduced some heuristic rules that can reduce the size of the model 
with no effect on the optimality of the scheduling problem.  

All of the above methods are MILP with focus on small-size problems. When the problem size increases 
linearly, the computation time of MILP will increase exponentially. It is very difficult for MILP to solve 
large-size problems. Although some researchers (Pinto et al., 1998; Hui et al., 2001) claimed that their 
MILP models were suitable for large-size problems, the solutions to large-size problems were far from the 
optimum, even if the algorithm ran for very long time. 

Meta-heuristic algorithms such as genetic algorithm, tabu search, etc., are widely recognized as one of 
the most practical approaches for combinatorial optimization problems. Although these methods, do not 
guarantee a global optimum, they can obtain near optimal solutions within moderate or acceptable 
computational time. Comparing to mathematical programming methods, meta-heuristic methods are more 

 2



suitable for large-size problems. There is large amount of literature on applying meta-heuristics for 
scheduling discrete manufacturing (Cheng et al., 1995; Liu and Tang, 1999; Webster et al., 1998; Ben-Daya 
and Al-Fawzan, 1998; Armentano and Ronconi, 1999; Kacem, 2003; Jou, 2005; Watanabe et al., 2005; Xia 
and Wu, 2005; Arroyo and Armentano, 2005). Tandon et al. (1995) presented a solution methodology to 
obtain near-optimal solutions of the scheduling problems of multiple products on unrelated parallel units 
using a simulated annealing algorithm. Near-optimal solutions were obtained for problems with 20-100 
products and 3-11 units. Chen et al. (1996) developed an approach for applying genetic algorithms to 
continuous flow shop scheduling problems. Wang et al. (2000) proposed a genetic algorithm for 
online-scheduling of a multi-product polymer batch plant. It was seen that Genetic Algorithm outperformed 
mathematic programming. Moreover, the modeling effort for GA was considerably lower than that for 
mathematic programming. The “modeling effort” is mainly referred to the effort needed to write the model 
of the combinatorial problems. For example, in solving the traveling salesman problem (TSP) by MILP, the 
constraints to avoid sub-tours contain a large number of equations. Scheduling problems are usually typical 
combinatorial problems which are often NP-hard like TSP. The MILP or MINLP models for scheduling 
problems need quite a number of constraints to ensure feasible solutions in solving the models. Lee et al. 
(2002) presented list-based threshold-accepting algorithm (LBTA) for zero-wait scheduling of 
multi-product batch plants. The performance of the proposed algorithms was examined by solving two 
examples in the literature that had been solved by MILP and mixed-integer nonlinear programming 
(MINLP). It was shown that LBTA performed much better than the simulated annealing algorithm for 
randomly generated large-size problems (up to 100 products over 10 units).  

Meta-heuristic methods, like GA, are widely used in discrete manufacturing area, but due to the 
complexity and high constraints of process scheduling, some authors believe that meta-heuristics are not 
suitable for process scheduling problems, especially large-size complex problems. The aim of this work is 
to study and develop a heuristic approach based on GA for large-size MMSP. MMSP is more complex than 
the flow shop scheduling problem (FSSP). Through our research efforts, first, we have subtly combined the 
heuristic rules together with the active scheduling technique into the GA; secondly, we have succeeded in 
coping with the CP constraints by a penalty method; thirdly, the concept of “soft due date” is adopted to 
tackle the problem with tardy orders at the optimum. Our algorithm can be widely applied to the general 
MMSP. Compared to MILP, our algorithm performs better both in terms of efficiency and computational 
effort, as well as in quality.  

The algorithms in this paper were implemented in C language and the computation tests were run on a 
PC with 1500MHz CPU and 256M memory. GA is just for illustration, not the only choice, other 
meta-heuristics, such as simulated annealing, tabu search and hybrid algorithms, can be applied either. We 
have also implemented tabu search with the same scheduling heuristics for the studied problem. We have 
found that tabu search has lower convergent speed than GA in solving the studied problem or other 
combinatorial problems. Very often, long time tabu search is used to find the best solution to large size 
combinatorial problem.  

2. Problem Definition 
The MMSP is defined as follows. A batch plant has total of MT processing units (forming a set of units: 

U) and has received N customer orders (forming a set of orders: O). Each order, involving a single product 
and requiring a certain number of processing stages (M), has a predetermined due date and a release time 
(the earliest start time for production). A fixed number of parallel units (a subset of U) is available for each 
processing stage to process all the orders. Each unit maybe also has a release time (the earliest available 
time for production). In each stage, only one unit processes each order. No unit coexists in more than one 
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processing stage. The processing time of an order over a unit depends on the nature of the order and on the 
type of the unit. Not all the orders can be processed by any unit (forbidden processes exist, in these cases 
let the process times be represented by dashes). In each stage, a changeover time is required when a unit 
change from one order to another. Changeover times are sequence dependent. Some changeovers are 
forbidden (let the changeover times be represented by dashes). A unit setup time is required for every order 
changeover, which is either sequence or unit dependent. Forbidden changeovers and forbidden processes in 
the problem are called CP constraints. The scheduling objective is to minimize the total flow time, total 
tardiness or total earliness of the schedule.  

Table A-1 and A-2 in Appendix show us the problem data of the studied MMSP. There are 25 units 
available to process 24 customer orders. Each order involves 5 stages. Unit 1-6 are the parallel processing 
units in stage 1, unit 7-9 in stage 2, unit 10-19 in stage 3, unit 20-22 in stage 4, and unit 23-25 in stage 5. 
The unit-dependent process times (pju, j=1, 2, …, 24, u=1, 2, …, 25), sequence-dependent changeover times 
(cij, i and j=1, 2, …, 24), unit setup times (utu, u=1, 2, …, 25), order due date (dj, j=1, 2, …, 24), order 
release times ( orj, j=1, 2, …, 24) and unit release times (uru, u=1, 2, …, 25) are presented in Table A-1 and 
A-2 in Appendix. The dashes in the two tables mean forbidden processes or changeovers. The following 
four examples of MMSP are used to illustrate the proposed approach:  

Example 1: The process times in Table A-1, the changeover times and due dates in Table A-2 are used 
in this example. All unit setup times, order release times and unit release times in Example 1 are set to be 
zero.  

Example 2: The unit setup times in Table A-1 in Appendix are used in this example. All the other data 
are the same as Example 1.  

Example 3: The unit release times in Table A-1 and the order release times in Table A-2 are used in this 
example. All the other data are the same as Example 2.  

Example 4: The due dates of the former 6 orders are changed from (510, 500, 520, 530, 540, 530) to 
(50, 100, 200, 300, 400, 500). All the other data are the same as Example 3.  

It can be found that the MMSP is an expansion of the flow shop scheduling problem (FSSP), or called 
the flexible or hybrid flow shop scheduling problem in some literature. In regular FSSP, there is only one 
processing unit for every stage of production. The difference of MMSP is that there are several (more than 
one) parallel units for every stage of production. For every stage, to assign orders to parallel units in this 
stage is a sub-problem of SMSP as studied by Cerda et al. (1997), Hui and Gupta (2001) and Chen et al. 
(2002).  

Subsequently, we apply MILP and GA for solving these example problems and compare the 
performances of the algorithms. The following criteria are used to evaluate the algorithms: (1) The best 
solution which the algorithms obtain; (2) The computational time of the algorithm; (3) The objective value 
difference of the same problem between algorithms; (4) The deviation from the best solution obtained. For 
large-size problems, we cannot expect to find globally optimal solutions within a reasonable time. 
Therefore, relative deviations from the best solutions are used as the criteria for evaluation (Ku and Karimi, 
1991; Lee et al., 2002). Relative deviation is calculated with respect to the best (or optimal) solution 
obtained up to now:  

Dev. from best (%) = 100[(algorithm objective value -best objective value)/best objective value]  (1) 

3. Solution by MILP 
The procedure of MILP given by Hui et al. (2000) is as follows: establish the MILP model first, 

including objective function and constraints, and then the model is formulated by GAMS (Brooke et al., 
1992) and solved by OSL on the PC with 1500MHz CPU and 256MB memory. The scheduling objective is 
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to minimize total flow time, total tardiness or total earliness. For the total flow time, the objective function 
is:  

min   , (2) ∑
=

=
N

j
jCF

1

where Cj is the completion time of order j; for the total tardiness, the objective function is: 

min   , (3) ∑
=

=
N

j
jTT

1

where is the tardiness of order j; for the total earliness, the objective function is: }0,max{ jjj dCT −=

min   , (4) ∑
=

=
N

j
jEE

1

where is the earliness of order. }0,max{ jjj CdE −=

Pinto and Grossmann (1995) proposed an objective function for minimization of the total process time, 
and Hui et al. (2000) adopted this objective function. In our study, a new objective function is proposed. 

The process time of order j through all stages is ; is the total process time, 

where S

jjj SCPR −= ∑
=

−
N

j
jj SC

1
)(

j is the start time of order j. Assume that all orders can be completed before their due dates, so the 

earliness of order j is ; . We define 

as the generalized process time of order j. Hence, the following alterative objective function will 

be used:   

jjj CdE −= jjjjjjjj SdSCCdPRE −=−+−=+ )()(
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  min   . (5) ∑
=

−=
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j
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This function plays the same role as the one proposed by Pinto and Grossmann (1995): although it does not 
guarantee minimization of total earliness, it has the advantage of minimizing the total in-process time. This 
would reflect in minimum intermediate storage requirements. Let us define it as total generalized process 
time, simply as total process time.  

To show the limitation of MILP for this highly combinatorial problem, we solved Example 1 using the 
model developed by Hui et al. (2000) for minimizing the total processing time with different problem sizes.   
Results are shown in Table 2. It can be found that: 

(1) For small-size problems, MILP can get the optimal solution of the problem within a short time. For 
example, the optimal solution for the 5-order problem has been obtained within 541iterations.  

(2) For large-size problems, MILP cannot get the optimal solution within an acceptable time. In Table 2, 
for the 8-order problem onward, the optimal solution cannot be achieved within 100000 iterations. Indeed, 
the 100'000 iterations are acceptable. However, for the large-size problems, even we increase the iterations 
up to 1'000'000 or 2'000'000, the solutions are improved little.  

(3) We also observed that the more CP constraints in the problem, the more rapidly the MILP method 
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finds the solution. The reason for this is that the CP constraints cut some solution space for MILP.  
From the following four Gantt charts (Fig. 1-4), it is seen that the optimal schedule corresponds to a 

uniform Gantt chart without idle times (see Fig. 1). On the contrary, a non-optimal schedule may 
correspond to a Gantt chart with big idle times (see Fig. 4). For large-size problems, MILP may be able to 
get a feasible solution, but it is far from the optimal solution. All in all, MILP is not suitable to solve 
large-size MMSP. 

 
  Fig. 1 Gantt chart of the optimal schedule for Example 1 (5 orders over 25 units) by MILP (min PT) 

 

Fig. 2 Gantt chart of a schedule for Example 1 (8 orders over 25 units) by MILP (min PT) 

 
Fig. 3 Gantt chart of a schedule for Example 1 (10 orders over 25 units) by MILP (min PT) 
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Fig. 4 Gantt chart of a schedule for Example 1 (12 orders over 25 units) by MILP (min PT) 

4. Solution by Genetic Algorithm 
GA is inspired by Darwin’s theory of evolution. GA has experienced increasing application in numerical 

optimization and combinatorial optimization and has shown great promise in many industrial engineering 
areas. 

In GA, solutions to the problem are represented by chromosomes. Each chromosome is evaluated 
through synthesizing it into a schedule with objective value. In the beginning of GA, an initial generation of 
chromosomes is produced randomly. Throughout the genetic evolution, because of the mechanism of 
selection, crossover and mutation, good-quality offspring are born from the previous generation (parents). 
Generation by generation, the stronger chromosomes are the survivors in a competitive environment. At the 
end of GA, near-optimal solutions can be achieved. 
4.1. Solution Representation  

In solving scheduling problems by GA, the first task is to represent a solution of the problem as a 
chromosome. Permutation-based representation is utilized in this paper. A chromosome, P = (P1, P2, P3, …, 
PM), consists of M segments that correspond to the M stages of the N orders. Hence, the size of a 
chromosome is M*N. Serial numbers, 1, 2, 3, …, N, are used to denote N orders that will be assigned to the 
units in that stage. Each segment, Pk (k=1, 2, …, M), is an order sequence, Pk =(π1, π2, π3, …, πN), πi ∈{1, 2, 
3, …, N }, i=1, 2, 3, …, N. Fig. 5 shows a sample chromosome for the 5*10 (M=5, N=10) problem in 
Example 1. 

 
 
 
 
 

1 9 2 6 5 8 4 7 3 10   6 5 7 3 8 2 9 1 10 4   10 3 9 4 8 5 7 2 6 1   7 4 8 5 9 3 10 2 6 1   9 3 7 1 6 2 10 5 4 8 

(Stage 4) (Stage 3) (Stage 2) (Stage 1) (Stage 5) 

Fig. 5 A sample permutation-based chromosome for the 5*10 (M=5, N=10) problem 

4.2. Evaluation of a Chromosome 
A chromosome, P, is the representation of a solution to the problem, not a schedule yet. In GA, a lot of 

chromosomes will be searched. Every chromosome has to be evaluated. The evaluation of the chromosome, 
P, is a procedure to synthesize the chromosome into a schedule with an objective value, f(P). Because the 
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scheduling objective is to minimize the total flow time, total tardiness, total earliness or total process time, 
f(P) can be calculated by functions (2)-(5). When a schedule is formed from the chromosome P, the 
corresponding objective value, f(P), is determined. In this section, we introduce how to synthesize the 
chromosome P into a schedule. The methods depend on scheduling objectives selected, and the following 
heuristic strategies and knowledge are utilized.  

Assignment Strategies 
To assign the orders in a chromosome P to the units, there are two objective-dependent methods:  
Forward Assignment: To minimize the total flow time or the total tardiness, assign the orders from 

stage 1 to stage M to the earliest available processing unit. The purpose of forward assignment is to 
complete the orders as early as possible. In specific forward assignment, an active scheduling method and a 
heuristic rule should be utilized. 

Backward Assignment: Suppose that all of the orders can be completed before their due dates. To 
minimize the total earliness or the total process time, we should let the completion time of an order as near 
as possible to the due date, but not after the due date. We therefore assign the orders from stage M to stage 
1. The purpose of backward assignment is to complete the orders as closely as possible to the 
corresponding due dates, considering the inventory cost of the products. But tardiness penalties should be 
avoided. In specific backward assignment, measures similar to active scheduling, and heuristic rules should 
be adopted.     

Active Scheduling Technique 
Active scheduling technique is implemented into our algorithm for minimizing the makespan or the 

total tardiness. Bierwirth and Mattfeld (1999) presented the relationships of the schedule properties in the 
job shop scheduling as shown in Fig. 6 (a). A non-delay schedule means that no machine is kept idle when 
it could start processing some operation. An active schedule contains no excess idle times and has no 
operations that can be completed earlier without delaying other operations (Kreutz et al., 2000). For the 
minimization of the makespan and the total flow time of a job shop schedule, it is well known that at least 
one of the optimal schedules is an active one. Unfortunately, there is not necessarily an optimal schedule in 
the set of non-delay schedules. However, there is strong empirical evidence that non-delay schedules show 
better mean solution quality than active ones. Nevertheless, scheduling algorithms typically search the 
space of active schedules in order to guarantee that the optimum is taken into consideration. Numerous GA 
approaches to the job shop scheduling have used an active scheduler, e.g. Yamada and Nakano (1992) and 
Dorndorf and Pesch (1995). Contrarily, a non-delay scheduler has been used in the decoding procedure of a 
GA by Della Croce et al. (1995).  

In the regular flow shop scheduling problem (FSSP), it is impossible that no machine is kept idle within 
the time horizon scheduled. Hence, non-delay schedule does not exist in the FSSP. Therefore, the 
relationships of schedule properties in the flow shop scheduling are illustrated in Fig. 6 (b). Kreutz et al. 
(2000) proposed an active scheduler for hybrid FSSP. As previously stated, MMSP is a hybrid FSSP. To 
minimize the total flow time or the total tardiness, a chromosome of MMSP can be synthesized into a 
feasible, semi-active or active schedule. The optimal schedules must be active ones. 
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If no CP constraint exists in the problems, every chromosome of MMSP can be synthesized into a 
feasible schedule within an enough time horizon; but its objective value may be very bad. In order to make 
full use of the resources, reducing the idle time of the units and intermediate storage time of the 
semi-finished products is necessary. For this purpose, a chromosome should be synthesized into an active 
schedule, not just a semi-active schedule.  

To understand explicitly what an active schedule is, let us use a simple regular FSSP to illustrate it. 
Assume that we have a regular FSSP: N = 3, MT = M = 3, which means that each of the three orders has to 
be processed through three stages, and only one unit is available for each stage. The objective is to 
minimize the makespan, total flow time or the total tardiness. A chromosome of this problem can be 
synthesized into a semi-active schedule or an active schedule.  

Suppose that a chromosome of the FSSP is (3 1 2, 1 2 3, 2 3 1). For stage 1, three orders are assigned to 
unit 1 according to the sequence (3 1 2). For stage 2, j1 is assigned following j1 in stage 1, and j2 following 
j2 in stage 1. Therefore, before j3 is assigned in stage 2, the state is shown in thick solid lines in Fig. 7-a. 
There are two ways to assign j3 in stage 2 without changing the assigned orders: one is to assign it onward, 
following j2; another is to find idle time before j2 to assign it. The two broken lines in Fig. 7-a show the 
two ways to assign j3 in stage 2. 

For stage 2, if j3 follows j2 according to the sequence (1 2 3), and for stage 3, if three orders are 
assigned to unit 3 onward according to the sequence (2 3 1), then a semi-schedule is synthesized as shown 
in Fig. 7-b. However, if we try to find idle time(s) to assign j3 in stage 2, we can see that, between j3 in 
stage 1 and j1 in stage 2, there is an enough idle time (see Fig. 7-b) to assign j3 in stage 2. Let us assign j3 
in the idle time. Similarly, for stage 3, after j2 is assigned, we can find idle times to assign j3 and j1 (see Fig. 
7-c). As a result, an active schedule is acquired as shown in Fig. 7-c. Obviously, the total flow time in Fig. 
7-c is shorter than that in Fig. 7-b. 

According to the conception of the active schedule, if the idle time available on unit u2 were not enough 
to assign j3 without delaying other operations (the assigned j1 and j2), j3 should be assigned forward, 
following j2. 

By using active scheduling technique, the same active schedule can be achieved from (3 1 2, 1 2 3, 2 3 
1), (3 1 2, 3 2 1, 3 2 1) and other chromosomes like (3 1 2, x x x, x x x). Therefore active scheduling 
technique can increase the search ability and reduce the search time. It is because of this fact that, even if 
from a bad chromosome, a good solution may be obtained. Active scheduling technique makes the 
algorithm have more opportunities to find the good solutions to the problems.  

Therefore, to minimize the makespan, total flow time or the total tardiness of the FSSP, chromosomes 
should be synthesized into active schedules. If the scheduling objective is changed to the total earliness or 
total process time, similar measures should be taken in order to reducing the idle times of the units and the 
intermediate storage time of the semi-finished products. 

feasible 

active 
semi-active 

optimal 

semi-active 
active 

optimal non-delay 

feasible 

(a) Job shop scheduling (b) Flow shop scheduling 

Fig. 6 Relationships of schedule properties 
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If we understand the active scheduling technique in forward strategy, then it is easy to understand the 
“measures similar to active scheduling” in backward strategy. The basic purpose of these measures is to try 
to look for idle time between assigned operations to assign a new operation (without moving the assigned 
operations). So under backward strategy, the optimum is a similar “active schedule”.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Heuristic Rules 
In the MMSP, there are several parallel units available for an order to assign to. If we do not consider 

the idle times, then assigning orders to the parallel units onward is a sub-problem of SMSP, and a heuristic 
rule (unit selected rule) can be applied. For SMSP, we have summarized the following rules for minimizing 
the makespan, total flow time or the total tardiness: 

Rule 1: Assign the order to the unit that makes the order’s completion time be as early as possible 
(earliest completion time, ECT);  

Rule 2: Assign the order to the unit that makes the order’s start time be as early as possible (earliest 
start time, EST); 

Rule 3: Assign the order to the unit that makes the order’s process time on the unit be the shortest 
(shortest process time, SPT);  

Rule 4: Assign the order to the unit that makes the order’s changeover time on the unit be the 
shortest (shortest changeover time, SCT); 

Time

j1 

j1

j3 

j2

j2

j3

a. Before order 3 assigned at stage 2 

j3 

j1 

j1

j3 

j2

j2

j3 

j1j3 j2

b. A semi-active schedule 

j3 

Time

j1 

j1 j2

j2

j3

j2 j3 j1 
idle 

Time

u1 

u2 

u3 

u1 

u2 

u3 

u1 

u2 

u3 

c. An active schedule 

Fig. 7 A semi-active schedule and an active schedule 
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Rule 5: Assign the order to the units by random (Random Rule, RR); 
Rule 6: Assign the order to the unit that makes the sum of the order’s changeover time and process 

time on the unit be the shortest (shortest changeover+process time, SCPT). 

For considering the trade-offs between the above rules, we have done some research on how to select 
suitable rule for different scheduling objectives (He and Hui 2006). Our study has shown that Rule 6 and 
Rule 1 performs better than the other rules. For MMSP, considering the unit setup times, Rule 6 should be 
changed into: 

Rule 6: Assign the order to the unit that makes the sum of the order’s changeover time, unit setup time 
and process time on the unit to be the shortest.Rule 6 can be used in our algorithm for MMSP, despite of 
what objective is selected, because this rule does not involve the factor of when to start an order. 

In fact, if there are a large number orders to be processed on a small number of parallel units, then for a 
stage, except stage 1, there may be several idle times available for a new coming order. Selecting the “first 
available idle time” is one choice, but not the only choice. For example, “earliest completion time” is 
another choice. Actually, if the and the onward positions on all the parallel units are referred to as 
“position”, a set of position selection rules can be summarized as the criteria to assign an order. In our 
subsequent publications, we will discuss the position selection rules in detail.  

In this paper, with respect to the onward positions on all the parallel units, Rule 6 is applied first, to 
select a unit; and then “first available idle time” is used to select the available idle times on the unit. Fig. 8 
shows the flow chart of synthesizing a chromosome into schedule according to the forward assignment 
strategy, active scheduling technique and a heuristic rule. It is easy to understand the flow chart. The 
procedure schedule synthesis under backward assignment strategy is similar to Fig.8.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Penalty Method for CP Constraints 

Select a unit in stage 
k by applying a unit 
selection rule 

Assign the order πi in 
Pk to the unit, after 
the completion time 
of the πi in stage (k-1)

Look for the first idle 
time to assign the 
order πi to the unit.   

Succeed in  
Assigning πi into an 

idle time? 

Assign πi to the 
unit, both after the 
last order on the 
unit and after the 
completion time of 
the πi in stage (k-1) 

Get a chromosome 
P = (P1, P2, …, PM) 

Stage k = 1  

i = 1  
N 

k + 1 

k > M ? 

Y 

i =1? 

Y 
N 

N 

Y 

i + 1 

i > N? 

Y 

N 

Calculate the objective 
value f(P) of the schedule 

Fig. 8 Flow chart of schedule synthesis (forward assignment) 

 11



Due to the CP constraints in MMSP, infeasible chromosomes will surely be generated in these steps: 
“Initial generation”, “Crossover”, “Mutation”. In this case, new feasible chromosomes should be 
regenerated to replace the infeasible ones. It will take a lot of CPU time for GA to generate feasible 
chromosomes. In order to increase computing speed of GA for problems with CP constraints, a penalty 
method is adopted: replace the forbidden changeovers and processes with a very large penalty numerical 
value. For instance, change the null value in the changeover time matrix and the process time matrix into 
200.0. Consequently, every random chromosome becomes a feasible one. As a result, the CPU time of GA 
is reduced greatly without any negative effect to the solution quality.  

Two Sample Schedules 
According to different scheduling objectives, the sample chromosome in Fig. 5 can be synthesized into 

different schedules by using the data for Example 1 in Appendix.  
For the minimization of the total flow time, the sample chromosome in Fig. 5 can be synthesized into a 

schedule according to the forward assignment strategy, active scheduling technique and Rule 6.  
Orders in the order sequence, P1 = (1, 9, 2, 6, 5, 8, 4, 7, 3, 10), are assigned to the units u1- u6 in stage 1 

according to Rule 6; orders in the order sequence P2 = (6, 5, 7, 3, 8, 2, 9, 1, 10, 4), are assigned to the units 
u7-u9 in stage 2 according to Rule 6 and the active scheduling technique; and so on; until all orders in the 
five stages are assigned to the corresponding units. Scheduling in stage 1 is just a sub problem of SMSP, 
assigning the orders forward according to Rule 6. From stage 2 onward, orders are forward assigned to the 
units according to Rule 6 and the active scheduling technique. As a result, a schedule is obtained as shown 
in Fig. 9. It can be seen that the process times cluster on the left-hand side. 

 
Fig. 9 Gantt chart of the schedule from the sample chromosome 

For the minimization of the total process time, the sample chromosome in Fig. 5 can be synthesized into 
a schedule according to the following requirements: (1) Backward Assignment; (2) For each stage, choose 
the unit with the shortest sum of changeover time, unit setup time and process time to assign an order (Rule 
6). (3) Measures to reduce the idle times of the units and intermediate storage time of the semi-finished 
products. If no idle time found to assign an order on the unit, then assign backward. Fig. 10 shows the 
schedule finally obtained. In this figure, it can be seen that the process times cluster on the right-hand side.  
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Fig. 10 Gantt chart of the schedule from the sample chromosome in Fig. 5 

4.3. Evolution of the Chromosomes 
Generations 
At the beginning of GA, an initial generation is randomly generated. Assume that the number of 

chromosomes in the initial generation is popsize, which depends on the problem size and is an important 
parameter in GA for controlling the solution quality. Table 1 is a sample initial generation of the 5*10 
(M=5, N=10) problem, where popsize=200. At each iteration of GA, a new generation will be produced by 
crossover, mutation and selection, and popsize will remain constant. 

                Table 1 An initial generation of the 5*10 problem 
No. Chromosomes 
1 1 9 2 6 5 8 4 7 3 10 6 5 7 3 8 2 9 1 10 4 10 3 9 4 8 5 7 2 6 1 7 4 8 5 9 3 10 2 6 1 9 3 7 1 6 2 10 5 8 4 

… … … … … … 

200 1 9 5 7 2 6 4 8 3 10 6 4 7 5 8 3 9 2 10 1 7 2 6 5 8 3 10 1 9 4 8 4 9 3 10 5 6 2 1 7 5 7 1 6 2 10 3 8 4 9 

 
Selection  
Selection is the process to select most of the better chromosomes in each generation to crossover, and 

the rest or some of the rest to mutate. Common selection methods include roulette-wheel selection 
(Goldberg, 1989) and tournament method (Goldberg and Deb, 1991). Although roulette-wheel selection is 
one commonly used technique, tournament method is adopted in our GA. The reason is that in the 
tournament method the objective value of a chromosome can be used as the selection criterion, but in the 
roulette-wheel selection the fitness of a chromosome always used as the selection criterion. Assume that the 
number of the chromosomes that are selected to crossover is xsize; the number of the chromosomes that are 
selected to mutate is msize. We can let: 

popsizemsizexsize =+  (5) 
The ratio, Cr = xsize/popsize, is called crossover rate, often Cr∈[0.5,0.9]; and the ratio, Mr = msize/ 

popsize, called mutation rate, often Mr∈[0.1,0.3]. Cr + Mr = 1. Cr and Mr are two important parameters that 
influence the convergent performance of GA. In general, when Mr increases, GA will be convergent to the 
final solution slowly, so that GA has more chances to find better solutions. But if Mr is too large, GA tends 
to be like a random search. 
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Crossover 
Crossover is the process during which two parents generate two offspring, such that the children inherit 

a set of building blocks from each parent. However, genetic operators are related to representation schemes. 
Poon and Carter (1995) presented a survey of crossover operators for ordering applications. Regarding the 
permutation-based representation, the following crossover operators have been widely used: partially 
matched crossover (PMX), intended to keep the absolute positions of elements, and linear order crossover 
(LOX), intended to respect relative positions. PMX is adopted in our GA. PMX is conducted to the 
corresponding segment pairs for the two parents as shown in Fig. 11.  
 
 
 
 
 
 
 
 
 
 
 

 

Parents: 

Offspring: 

6 2 5 4 8 3 9 1 7 10    7 5 4 1 9 6 2 10 3 8             …                …                 … 

3 1 6 8 7 5 4 10 2 9    9 2 7 8 3 4 1 6 10 5             …                …                 … 

6 2 3 8 7 5 4 1 9 10    7 5 6 8 3 4 2 10 9 1             …                …                 … 

5 1 6 4 8 3 9 10 2 7    3 2 7 1 9 6 8 4 10 5             …                …                 … 

Fig. 11 Illustration of the process of PMX  
 
 

Mutation 
Mutation is the process during which some genes of a chromosome are changed. Consequently, a new 

chromosome is generated from the original one. There are also a number of methods to mutate (Gen and 
Cheng, 1997), such as insertion, swap and reversion. Reversion is employed in our GA. Mutation is 
conducted to every segment for the chromosome as shown in Fig. 12. 

(Reverse the chosen parts respectively) 

4 10 6 3 8 5 7 2 1 9    1 5 10 7 4 8 3 2 9 6            …                 …                 … 

4 10 6 3 2 7 5 8 1 9    1 5 10 7 3 8 4 2 9 6            …                 …                 … 

 
 
 
 
 
 

 Fig. 12 Illustration of the process of mutation 

Termination Condition 
The algorithm terminates when no further improvement on the solutions exists (named 

until-no-improvement). With the algorithm running on, when the chromosomes are evolved to a certain 
degree, the difference among the chromosomes will tend to be null. That means no further improvement on 
the solutions exists and the algorithm should stop. 
4.4. Procedure of GA 

Assume that the scheduling objective is to minimize the total flow time or total tardiness, the whole GA 
procedure is shown as the Fig. 13, which consists of the following steps: 

Step 1. Initialization and initial evaluation: Produce randomly an initial generation in which there are 
a number (popsize) of chromosomes and evaluate all chromosomes (synthesize the chromosomes into 
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schedules and obtain their objective values).  
Step 2. Selection: Select xsize chromosomes in each generation to 

crossover and msize chromosomes to mutate. 
Step 3. Crossover: Conduct PMX crossover to the xsize 

chromosomes and generate xsize new chromosomes. 
Step 4. Mutation: Conduct reversion mutation to the msize 

chromosomes, and generate msize new chromosomes. 
Step 5. Evaluation and new generation: The offspring (consisting 

of the xsize new chromosomes and the msize new chromosomes) are 
evaluated. Let the parents and the offspring queue according to their 
objective values and select the former popsize best chromosomes as 
the new generation.  

Step 6. Test the termination condition: If the termination 
condition is met, then go to Step 7; else go to Step 2 for continuing iteration. 

Step 7. Output the results: Output the best chromosome, its objective value and the data for the Gantt 
chart. This is the best solution found by GA. 

For minimizing the total earliness or total processing time, if all of the orders can be completed before 
their due dates, the GA procedure is almost the same as above (see Fig.13), except for that the evaluation 
procedure to the chromosomes. However, if some of the orders cannot be completed before their due dates, 
then the procedure is different. Fig. 14 shows Flow chart of minimizing the total earliness or total 
processing time. The algorithm consists the following two parts:  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Part one: Utilize the GA procedure to minimize the total tardiness. As a result, the completion times of 

the orders will be obtained. Some of the completion times are later than the corresponding due dates (case 
1), and the others are earlier than or equal to the corresponding due dates (case 2). Some of the orders 
cannot be completed before the original due dates. In case 1, set the completion times of the orders as new 

due dates, named as soft due dates: . In case 2, soft due dates are equal to the original due dates: 

.  

'
jd

jj dd ='

Part two: Based on the soft due dates obtained in Part one, utilize the GA procedure to minimize the 

Initial generation 
and evaluation 

Selection 

Mutation 

Crossover 
Evaluation and 
new generation

Iteration t = 1 
Terminate? 

Y 
N 

t + 1 

Output the 
best solution

Fig. 13 Flow chart of GA 

Call the GA procedure to 
minimize the total tardiness

Get problem Data

Can the orders 
 be completed before their 

due dates? 

N 

Y 
Call the GA procedure to 
minimize the total earliness 
or total processing time 

Output the best solution 

Obtain the soft due 
dates of all orders 

Fig. 14 Flow chart of minimizing the total earliness or total processing time 
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total earliness or total processing time. In objective function (4), let . Objective 

function (5) is changed to: 

}0,max{ '
jjj CdE −=

∑
=

−==
N

j
jj SdPTPf

1

' )()( . (6) 

5. Case Study 
In this section, the problems in the three examples are solved by the proposed GA. First, GA is applied 

to the three examples for minimizing the total process time. In Example 1-3, all orders can be completed 
before their due dates, so that only one GA procedure is required. In the GA procedure, every chromosome 
is synthesized into a schedule according to the following requirements for minimization of the total process 
time: (1) Backward Assignment; (2) Measures to reduce the idle times of the units and intermediate storage 
time of the semi-finished products. If no idle time found to assign an order in the respective stages, then; (3) 
For each stage, choose the unit with the shortest sum of changeover time, unit setup time and process time 
to assign an order (Rule 6). The parameters used in GA are Cr = 0.7, Mr =0.3. The termination condition for 
GA is that the algorithm stops when the objective value difference between the worst chromosome and the 
best one in the current generation is equal to or less than 0.001. And then, GA is applied to Example 3 for 
minimizing the total flow time. In the GA procedure, every chromosome is synthesized into a schedule 
according to the requirements for minimization of the total flow time: the forward assignment strategy, 
active scheduling technique and Rule 6. The parameters and the termination condition are the same as 
previous. Table 2 summarizes the results of Example 1 produced by GA and MILP with problem size from 
5 to 24 orders. The maximum number of iteration for MILP was set to be 100,000. Some of the resulted 
schedules by GA are shown in Fig. 15-18.  

 
Table 2 Results of Example 1 by GA and MILP (min PT) 

GA MILP 
Orders 

popsize Iterations CPU time(s) Best PT PT CPU Time(s) Iterations 
Difference*

5 200 10 <1 499.40 499.40 0.43  541 0.00 

8 200 19 1.00  732.90 736.90 99.56  100000 0.55 

10 300 100 5.00  876.40 909.30 119.50  100000 4.41 

12 300 77 6.00  1038.90 1184.70 125.02  100000 14.03 

16 600 161 14.00  1788.80 2048.60 202.50  100000 14.46 

20 600 194 26.00  2456.80 2982.50 227.17  100000 21.40 

24 600 263 40.00  3239.30 3912.00 374.72  100000 20.77 

*Difference (%)=100[(Objective value by MILP- Objective value by GA)]/ Objective value by GA] 
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Fig. 15 Gantt chart of a schedule for Example 1 (12 orders over 25 units) by GA (min PT) 

 
Fig. 16 Gantt chart of a schedule for Example 1 (16 orders over 25 units) by GA (min PT) 
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Fig. 17 Gantt chart of a schedule for Example 1 (20 orders over 25 units) by GA (min PT) 

 
Fig. 18 Gantt chart of a schedule for Example 1 (24 orders over 25 units) by GA (min PT) 

From Table 2, we can see that GA performs much better than MILP both in solution quality and in 
search time:  

Solution quality: For the 5-order problem, both GA and MILP obtained the optimal solution. From the 
8-order problem to the 24-order problem, GA obtained better objective value than MILP. With the 
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increasing of the problem size, the difference between GA and MILP increases. For example, the 
differences for the 20-order problem and the 24-order problem are 21.40% and 20.77% respectively. On 
large-size problems, GA performs much better than MILP.  

Search time: For the 5-order problem, the search times of both GA and MILP are very short. With the 
increasing of the problem size, the search time of GA turns to be much shorter than that of MILP. For 
example, the search time of GA for the 24-order problem (40 seconds) is approximately 10 percent of the 
search time of MILP for the same problem (374.72 seconds).  

A comparison of Fig. 4 with Fig. 15 shows that solving the 12-order problem is already beyond the 
ability of MILP. The solution to the 12-order problem by GA is much better than that by MILP (see Fig. 4 
and Fig. 15). GA is able to get acceptable solutions of more large-size problems. For instance, in the 
16-order problem (see Fig. 16) and the 20-order problem (see Fig. 17), GA still shows its superiority. 
However, in the large-size problems, although GA shows better performance than MILP, not in every 
computation test can GA find a near-optimal solution. As well known, with the problem size increasing, the 
search ability of GA decreases rapidly. In the 24-order problem (see Fig. 18), although the schedule by GA 
is acceptable, several large time intervals appears in the schedule. This indicated that the result of this 
problem may still have some room for improvement.  

Fig. 19 is drawn from the data in Table 2 and shows the difference of objective values between MILP 
and GA. With the increasing of the problem size, the difference between GA and MILP increases. For 
large-size problem, GA performs much better than MILP. 

To test that stability of the proposed approach, 10 computation tests have been conducted for each 
problem size in Example 1-3. Mean deviations from the best and mean CPU times are regarded as 
performance criteria of the algorithm. Table 3 shows the performance of GA for different problem sizes. 
Fig. 20, drawn from Table 3, shows that with the increasing of the problem size, the corresponding mean 
deviation from the best increases but still remains in a reasonable low range. 
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Fig. 19 Performance Contrast between GA and MILP 
Table 3 Performance of GA for Ex
Best PT Mean

Orders popsize 
Exp 1 Exp 2 Exp 3 Exp 1 

5 200 499.40 633.90 633.90 0.00 

8 200 732.90 951.90 951.90 0.04 

10 300 876.40 1172.10 1172.50 0.42 

12 300 1038.90 1470.50 1436.90 0.90 

16 600 1788.80 2447.40 2444.80 1.29 

20 600 2456.80 3614.50 3544.20 4.74 

24 600 3239.30 4728.00 4797.70 7.90 

19
Fig.20 Mean deviations in Example 1-3
ample 1-3 (min PT) 
 Dev. from best* Mean CPU time (s) 

Exp 2 Exp 3 Exp 1 Exp 2 Exp 3 

0.00 0.00 <1.0 <1.0 <1 

0.27 0.50 2.0 1.4 1.45 

1.90 1.03 3.7 3.9 4.0 

2.74 3.78 4.6 5.3 6.3 

3.83 4.30 17.5 17.5 18.2 

4.70 5.21 28.2 33.0 30.7 

7.26 6.92 36.1 35.2 31.3 



Considering the unit release times and the order release times in Example 3, the problems become more 
complicated when minimizing the total flow time. The proposed approach has also been applied to 
Example 3 for minimizing the total flow time. The parameters used in GA are still Cr = 0.7, Mr =0.3. The 
results are presented in Table 4. The performance of GA here is similar to the previous. Fig. 21 is the Gantt 
chart of the best schedule of Example 3 with 24 orders over 25 units.  

Table 4 Performance of GA for Example 3 (min F) 
Orders popsize Best F Mean Dev. from best Mean CPU time (s) Tests 

5 200 691.70 0.00 <1.00 10 
8 300 1098.60 1.45 2.1 10 

10 300 1425.20 2.28 5.4 10 
12 300 1823.90 3.11 8.8 10 
16 600 3000.70 3.92 23.9 10 
20 600 4477.80 4.74 25.4 10 
24 600 5864.30 6.11 27.3 10 

 

Fig. 21 Gantt chart of the best schedule for Example 3 (24 orders over 25 units) by GA (min F) 
Besides minimization of the total process time and total flow time, the proposed approach is also 

applied to minimization of the total tardiness and total earliness, still showing its better performance.  
Through minimization of the total tardiness of Example 4, we found it is an example of the problems 

with tardy orders at the optimum. Table 5 shows the results of 5-order problem in Example 4. j1 and j2 are 
two tardy orders at the optimum, which are shown on the left hand side of Table 5. When we keep the due 
dates of j1 and j2 unchanged, still to be 50 and 100, and minimize the total process time, we get a schedule 
with negative start times of j1 and j2, an infeasible schedule shown in the middle of Table 5. However, 
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when we adopt soft due dates, letting , and minimize the total process time, we 

get a feasible schedule without negative start times of j1 and j2. The data of the schedule is shown on the 
right hand side of Table 5.  Fig.22 shows a schedule of 5-order problem from minimization of the total 
tardiness, and Fig.23 shows a schedule of 5-order problem from minimization of the total process time 
under the soft due dates. 

50.234,10.95 '
2

'
1 == dd

 
Table 5 Solutions to 5-order problem in Example 4 (first min T, then min PT) 

 A schedule by min T A infeasible schedule by min PT A feasible schedule by min PT 

Order dj Unit 
Start 

Time 

End 

Time 
Tj Unit 

Start 

Time 

End 

Time 
Tj Unit 

Start 

Time 

End 

Time 
Tj

j1  u4 5.00 31.10  u2 -40.10 -14.00  u2 5.00 31.10  

j1  u9 31.10 37.10  u9 -14.00 -8.00  u8 31.10 37.10  

j1  u11 37.10 51.60  u13 -8.00 6.50  u13 37.10 51.60  

j1  u21 51.60 67.10  u20 6.50 22.00  u21 51.60 67.10  

j1 50 u24 67.10 95.10 45.10 u24 22.00 50.00 0.00 u23 67.10 95.10 0.00 

j2  u3 6.00 37.00  u5 -128.50 -97.50  u5 6.00 37.00  

j2  u8 37.00 43.00  u8 -97.50 -91.50  u9 37.00 43.00  

j2  u19 43.00 57.50  u10 -91.50 -77.00  u12 43.00 57.50  

j2  u22 57.50 181.50  u22 -77.00 47.00  u22 57.50 181.50  

j2 100 u25 181.50 234.50 134.50 u25 47.00 100.00 0.00 u25 181.50 234.50 0.00 

j3  u2 2.00 28.10  u4 98.10 124.20  u4 98.10 124.20  

j3  u9 45.10 51.10  u9 124.20 130.20  u9 124.20 130.20  

j3  u12 51.10 77.60  u12 130.20 156.70  u11 130.20 156.70  

j3  u21 85.60 100.90  u20 156.70 172.00  u20 156.70 172.00  

j3 200 u24 108.90 136.90 0.00 u23 172.00 200.00 0.00 u24 172.00 200.00 0.00 

j4  u5 2.00 30.00  u1 209.60 237.60  u1 209.60 237.60  

j4  u8 48.00 54.00  u8 237.60 243.60  u9 237.60 243.60  

j4  u14 54.00 68.50  u14 243.60 258.10  u10 243.60 258.10  

j4  u20 92.00 105.90  u21 258.10 272.00  u20 258.10 272.00  

j4 300 u23 120.00 148.00 0.00 u23 272.00 300.00 0.00 u24 272.00 300.00 0.00 

j5  u6 6.00 31.00  u3 308.00 333.00  u3 308.00 333.00  

j5  u7 31.00 53.00  u9 333.00 339.00  u9 333.00 339.00  

j5  u10 53.00 67.50  u11 339.00 353.50  u14 339.00 353.50  

j5  u20 67.50 86.00  u21 353.50 372.00  u20 353.50 372.00  

j5 400 u23 86.00 114.00 0.00 u23 372.00 400.00 0.00 u24 372.00 400.00 0.00 

 T = 179.60 PT = 602.90 
PT = 602.90 
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Fig. 22 A schedule of Example 4 (5 order over 25 unit) from minimization of the total tardiness 

 

 
Fig. 23 A schedule of Example 4 (5 order over 25 unit) from minimization of the total process time 

 
Table 6 shows the results of different size problems in Example 4. For all the problems, we first 

minimize the total tardiness T, and then based on the soft due dates of the orders minimize the total process 
time PT. We have noticed the following facts: (1) All the problems have the same optimal tardiness 179.60, 
and it is easy to meet the tardiness objective (with short search times). (2) When minimizing the total 
process times of the problems, the search times are long; Furthermore, with problem size increasing, 
infeasible schedules with negative start times are found sometimes. We still conducted ten computational 
tests for each problem size in Example 4. In 1 test for 16-order problem, 3 tests for 20-order problem and 5 
tests for 24-order problem, the final solutions were infeasible schedules with negative start times. That why 
we have not given the deviations of the results in Table 6. Therefore, when solving the large-size problems, 
in case of infeasible schedules with negative start times, the soft due dates should be set a little larger. Fig. 
24 shows a schedule of 24-order problem from minimization of the total tardiness, and Fig. 25 shows a 
schedule of 24-order problem from minimization of the total process time under the soft due dates.  
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Table 6 Results of minimization of total process time of Example 4 by GA 
  Part one: min T Part two: min PT 

Orders popsize Iterations CPU time(s) T Iterations CPU time(s) Best T 
5 200 7 <1 179.60 2 <1 602.90 
8 200 12 <1 179.60 25 <1 874.90 

10 300 14 <1 179.60 53 2 1039.90
12 300 19 <1 179.60 54 2 1248.90
16 600 28 4 179.60 176 18 1889.30
20 600 34 5 179.60 219 28 2806.40
24 600 46 8 179.60 204 32 3845.10

j1 and j2 are two tardy orders at optimum (min T), let  when min PT. 50.234,10.95 '
2

'
1 == dd

Fig. 
24 Gantt chart of a schedule for Example 4 (24 orders over 25 units) by GA (min T) 
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Fig. 25 Gantt chart of a schedule for Example 4 (24 orders over 25 units) by GA (min PT) 

6. Conclusion 
This paper presents a heuristic approach based on genetic algorithm for solving large-size MMSP. The 

proposed approach is suitable for different scheduling objectives, such as the total flow time, total tardiness, 
total process time and total earliness. Although MILP can get the optimal solution for the small-size 
problems within a short time, as the problem size increases linearly, the computation time of MILP will 
increase exponentially. It seems very difficult for MILP to get an acceptable solution for the large-size 
problems within an acceptable time. In GA, solutions to the problem are represented by chromosomes that 
will be evolved by the genetic mechanism of selection, crossover and mutation. Every chromosome 
consists of order sequences corresponding to the processing stages. How to synthesize a chromosome into a 
schedule is crucial to the proposed approach for different scheduling objectives. In the synthesis procedure, 
the order sequences in the chromosome are assigned to processing units by using some heuristic knowledge 
depending on scheduling objectives, including assignment strategies such as forward or backward 
assignment, active scheduling technique or similar measures, and some heuristic rules. All these measures 
greatly reduce unnecessary search space and increase the search speed. In addition, a simple penalty 
method for handling the CP constraints in the problems is adopted, which avoids the infeasible 
chromosomes during the GA search and further greatly increases the search speed. Through the case study, 
GA shows much better performance in solving the large-size problems than MILP, and shows its stability 
in solving problems with different objectives under diverse prevailing plant condition.  

 
 
 
 

 24



7. Notation 

(a) Abbreviations 
MMSP multi-stage multi-product scheduling problem 
SMSP single-stage multi-product scheduling problem 
FSSP flow shop scheduling problem  
MILP mixed-integer linear programming 
MINLP mixed-integer nonlinear programming 
GA genetic algorithm 
CP constraints changeover constraints and processing constraints 
PMX partial-mapped crossover 

(b) Indices 
i, j  customer order 
u processing unit 

(c) Sets 
O  a set of orders (with N orders) 
U a set of units (with MT units) 

(d) Parameters 
N the number of orders 
M  the number of process stages 
MT the total number of the process units 
cij changeover time when order i changeover to order j (not unit dependant) 
pju  the process time order j on unit u 
orj order release time: the earliest time at which order j can start its processing 
uru unit release time: the represents the time at which unit u can get ready 
utu unit setup time of u 
dj  due date: the committed shipping or completion date of order j (the date the order is 

promised to the customer) 
popsize the number of chromosomes in the initial generation 
xsize the number of the chromosomes that are selected to crossover 
msize the number of the chromosomes that are selected to mutate 
Cr crossover rate 
Mr  mutation rate 
CPU time search time of the algorithm 
Difference objective value difference of the same problem between algorithms 
Dev. from best deviation from the best objective value 

(e) Variables and functions 
Cj  completion time of order j 
Sj start time of order j 
Tj tardiness of order j 
Ej earliness of order j 
F total flow time 
T  total tardiness 
E total earliness 
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PRj process time of order j through all stages 
PT total generalized process time 
P a chromosome of GA for MMSP: P = (P1, P2, …, PM), Pj = (π1, π2, π3, …, πN) is the 

segment of P at stage j;  
f(P) objective value of P 
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 Appendix: Data of Example 1-4 



Table A-1 Process times (pju) in various units, unit setup times (utu) and unit release times (uru) 
      u1 u2 u3 u4 u5 u6 u

7 
u
8 

u
9 

u1
0 

u1
1 

u1
2 

u1
3 

u1
4 

u1
5 

u1
6 

u1
7 

u1
8 

u1
9 

u20 u21 u22 u2
3 

u2
4 

u2
5 

j1 18.1 18.1           9.5 9.5 24 24 18.1 18.1 18.1 18.1 14 5 5 12 12 12 12 12 12 12 12 – – – – 
j2 23.0 23.0           12 12  23.0 23.0 23.0 23.0 14 5 5 12 12 12 12 12 12 12 12 – – 100 – – 48 
j3 1 1 1            24 24 18.1 18. 18.  118.  118.  18. 14 5 5 24 24 24 24 24 24 24 24 – – 9.3 9.3 – – 
j4                   24 24 20 20 20 20 20 20 11 5 5 12 12 12 12 12 12 12 12 – – 7.9 7.9 – – 
j5                24 24 17 17 17 17 17 17 14 5 5 12 12 12 12 12 12 12 12 – – 12.5 12.5 – – 
j6              1 1 12 12 15 14 13 12 18 15 15 7 7 13 12 15 17 17 18 19 – 16 13 3.5 14 4.5 23 
j7                 12 13 1  1  1  1  31 30 34 32 31 – 31 31 31 14 15 16 41 15 81 – 16 16 21 1 1 1 1
j8  2            12 1 14 15 – 16 – 16 15 12 13 14 14 14 14 14 14 14 10 10 9 8 – 7 7 
j9               13 7 8 9 – 16 15 15 11 13 7 8 9 – 16 15 15 11 12 15 17 17 22 21 – 
j10                12 23 12 4 23 12 – 14 13 13 13 12 4 23 12 – 14 13 13 13 6 – 12 22 12 
j11 8               12 23 9 13 – 13 – 13 35 23 8 9 13 – 13 – 13 35 23 8 5 12 22 12 
j12 10 7 14 – – 13 13 23 13 10        13    7 14 – – 13 13 23 10 – 12 23 12 21 16 
j13 18.1 18.1           9.5 9.5 24 24 18.1 18.1 18.1 18.1 14 5 5 12 12 12 12 12 12 12 12 – – – – 
j14 23.0 23.0           12 12  23.0 23.0 23.0 23.0 14 5 5 12 12 12 12 12 12 12 12 – – 100 – – 48 
j15 118.  18.1 1 1            24 24 18.  118.  118.  18. 14 5 5 24 24 24 24 24 24 24 24 – – 9.3 9.3 – – 
j16 20                  24 24 20 20 20 20 20 11 5 5 12 12 12 12 12 12 12 12 – – 7.9 7.9 – – 
j17 17               1 24 24 17 17 17 17 17 14 5 5 12 12 12 12 12 12 12 12 – – 12.5 2.5 – – 
j18 15             1 1 12 12 14 13 12 18 15 15 7 7 13 12 15 17 17 18 19 – 16 13 3.5 14 4.5 23 
j19 31                12 13 1  1  1  1  30 34 32 31 – 31 31 31 14 15 16 41 15 81 – 16 16 21 1 1 1 1
j20 12 2            1 14 15 – 16 – 16 15 12 13 14 14 14 14 14 14 14 10 10 9 8 – 7 7 
j21 13              7 8 9 – 16 15 15 11 13 7 8 9 – 16 15 15 11 12 15 17 17 22 21 – 
j22                12 23 12 4 23 12 – 14 13 13 13 12 4 23 12 – 14 13 13 13 6 – 12 22 12 
j23 8               12 23 9 13 – 13 – 13 35 23 8 9 13 – 13 – 13 35 23 8 5 12 22 12 
j24 01               – 7 14 – – 13 31 23 13 10 7 14 – – 13 13 23 13 10 12 23 12 21 16 
utu 8             2.5 2.5 2.5 2.5 8 8 8 8 8 8 1 1 2.5 2.5 2.5 2.5 2.5 2.5 6 6 24 4 4 5 
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uru 5 1 3 3 4 3 3 1 5  2 3 4 1 1 4 2 1 5 2 4 5 4 4 2 1 
Tabl 2 ng er es (  b e d ue s a d le i o

         j10 j  j12    j  j21 j22 j23 j24 
e A- Cha eov tim cij) etween ord rs, or er d  date  (dj) nd or er re ase t mes ( rj) 

 j1 j2 j3 j4 j5 j6 j7 j8 j9 11 j13 j14 j15 j16 j17 j18 j19 20
i1                         – 7 8 9 10 5 7 8 9 7 8 9 6 7 8 9 10 5 7 8 9 7 8 9
i2                         7 – 6 5 8 4 5 6 5 4 7 8 7 6 6 5 8 4 5 6 5 4 7 8
i3                         12 8 – 7 6 4 5 7 6 5 6 6 12 8 6 7 6 4 5 7 6 5 6 6
i4                         11 9 5 – 2 8 6 6 7 7 6 7 11 9 5 6 2 8 6 6 7 7 6 7
i5                         13 4 4 6 – 2 1 6 5 8 7 8 13 4 4 6 6 2 1 6 5 8 7 8
i6                         7 2 5 6 7 – 9 7 8 7 7 8 7 2 5 6 7 6 9 7 8 7 7 8
i7                         – 3 4 5 6 6 – 8 4 4 5 – – 3 4 5 6 6 6 8 4 4 5 –
i8                         8 7 8 9 4 5 5 – 8 9 8 6 8 7 8 9 4 5 5 6 8 9 8 6
i9                         4 5 6 7 8 9 6 – – 7 7 8 4 5 6 7 8 9 6 – 6 7 7 8

i10                         5 6 7 8 9 4 5 – 8 – 8 9 5 6 7 8 9 4 5 – 8 6 8 9
i11                         5 6 6 7 6 7 8 8 9 8 – 8 5 6 6 7 6 7 8 8 9 8 6 8
i12                         4 5 6 7 8 7 5 6 7 7 8 – 4 5 6 7 8 7 5 6 7 7 8 6
i13                         6 7 8 9 10 5 7 8 9 7 8 9 – 7 8 9 10 5 7 8 9 7 8 9
i14                         7 6 6 5 8 4 5 6 5 4 7 8 7 – 6 5 8 4 5 6 5 4 7 8
i15                         12 8 6 7 6 4 5 7 6 5 6 6 12 8 – 7 6 4 5 7 6 5 6 6
i16                         11 9 5 6 2 8 6 6 7 7 6 7 11 9 5 – 2 8 6 6 7 7 6 7
i17                         13 4 4 6 6 2 1 6 5 8 7 8 13 4 4 6 – 2 1 6 5 8 7 8
i18                         7 2 5 6 7 6 9 7 8 7 7 8 7 2 5 6 7 – 9 7 8 7 7 8
i19                         – 3 4 5 6 6 6 8 4 4 5 – – 3 4 5 6 6 – 8 4 4 5 –
i20                         8 7 8 9 4 5 5 6 8 9 8 6 8 7 8 9 4 5 5 – 8 9 8 6
i21                         4 5 6 7 8 9 6 – 6 7 7 8 4 5 6 7 8 9 6 – – 7 7 8
i22                         5 6 7 8 9 4 5 – 8 6 8 9 5 6 7 8 9 4 5 – 8 – 8 9
i23                         5 6 6 7 6 7 8 8 9 8 6 8 5 6 6 7 6 7 8 8 9 8 – 8
i24 4                        5 6 7 8 7 5 6 7 7 8 6 4 5 6 7 8 7 5 6 7 7 8 –
dj 5    5  5    5  5   5  5  5    5  5    5  5   5  5  10 500 520 30 40 530 540 50 50 580 40 20 10 500 520 30 40 530 540 50 50 580 40 20
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orj 5 6 2 2 6 4 4 3 4 3 2 3 4 2 6 6 6 6 2 5 3 2 2 5 
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