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Abstract

Even a pair of neurons connected via a single synapse — the simplest constituent of a living

nervous system viewed as a network — is capable of complex behavior. Such a preparation can be

modeled at many different levels, but not all models exhibit the full range of behaviors of the original

system. We tested several models of the prototypical inhibitory synapse in the crayfish slowly

adapting stretch receptor organ (SAO). Simple leaky integrator models, even when significantly

modified, exhibit some of the SAO dynamics, but not the full complexity. A physiological model

based on ionic mechanisms identified experimentally provides remarkable duplication of almost

all SAO behaviors. We conclude that a reasonable degree of model complexity is necessary for

duplication of the basic qualitative dynamics of simple living preparations, and that such models

need not be significantly more difficult to analyze than their simpler nonlinear dynamical brethren.



   

1 Introduction

A central motivating force behind Artificial Neural Network (ANN) work has been the pursuit

of the goal of identifying the computational principles that underlie nervous system operation. A

particularly strong challenge is posed by the observation that even simple biological systems exhibit

capabilities that have been difficult or impossible to coax computers to do.

It is rarely clear which are, among the wide variety of neuronal manifestations, the most impor-

tant for the computations that nerve cells perform. Therefore, we study abstract models of neurons

and networks to gain some understanding of what various neural features imply for the functions

that neural networks perform. Necessarily, each abstract model must leave out some detail for,

otherwise, they would be as difficult to understand as the neurons themselves [1]. Implicit is the

often unanswered question question of the abstraction level appropriate for each particular com-

putational investigation. A key aspect of neuronal and synaptic operation is a dynamic behavior

whose complexity is suggested by recent observations of input/output relations [2]. Additionally,

the synapse must be considered the unit of information processing in nervous systems, and therefore

synaptic coding viewed as the atomic computational operation.

This paper presents an empirical analysis of the behavioral complexity exhibited by three neural

models of synaptic coding between two neurons. Two different modifications of a basic leaky

integrator [3], a permeability model similar conceptually to the Hodgkin-Huxley model [4], and a

living preparation [2] are compared. We separate the different behaviors each exhibits into classes

based on those described commonly for driven oscillators in the nonlinear dynamics literature

[5, 6, 7, 8].

The living preparation is the crayfish slowly-adapting stretch receptor organ (SAO), schemati-

cally illustrated in Figure 1 and described in [2]. This sensory receptor organ includes an efferent

fiber that acts via an inhibitory synapse (gabaergic, with A-like postsynaptic receptors, chloride-

related) on the first-order afferent neuron. The latter neuron (C2 in the figure) also acts as a transducer

for the organ’s length and tension. When unperturbed, and for a fixed receptor length, it fires as a
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Figure 1: Schematic diagram of experimental setup in the living preparation, the crayfish Slowly-
Adapting stretch receptor Organ (SAO). The SAO (C2), which fires as a pacemaker when unper-
turbed, is presented with inhibitory PSPs via stimulation of a presynaptic neuron (C1). C1’s stim-
ulation is periodic with interval I , and the times of the SAO output spikes are recorded. Adapted
from [9].

pacemaker , producing regularly-spaced action potentials (APs) or spikes at fairly constant inter-

vals close to their average, N . The normally quiescent presynaptic neuron C1 was stimulated so as

to fire periodically with interval I . The times of occurrence of both the presynaptic and postsynaptic

events were recorded, and the resulting point-process data was analyzed using both statistical and

nonlinear techniques.

The resulting behaviors were of two kinds, depending on the inhibitory average rate 1/I

[11, 12, 13, 2, 14]. Figure 2 represents the non-monotonic relation between pre and postsynaptic

rates during the stationary epochs. With certain rates, discharges were locked, clearly and at simple

p :q ratios (e.g., 1:2, 1:1, 2:1); the SAO fired periodically at fixed temporal relationships with

the inhibitory fiber. Such rate domains are called “positive” because slopes are positive, implying

that as the input frequency increases, the output frequency increases also; this behavior opposed

that classically expected from IPSPs and is judged paradoxical. Within other rate domains, the

driven neuron produces less straightforward behaviors. Some are locked, but less clearly and at

less simple ratios (e.g., 3:2, 4:3). Other behaviors are irregular and either intermittent, including

phase walkthroughs, or messy, including erratic forms and stammerings. Most discharges noted

in crayfish were from recognized dynamical categories: lockings were periodic, intermittent were

quasiperiodic or chaotic, erratic were chaotic, and stammering were stochastic [2, 15]. Occasion-

ally, discharges under invariant conditions included several different stationary forms in succession.
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Figure 2: Effects of pacemaker inhibitory inputs are shown in terms of the mean rate transform.
Corresponding pre- and postsynaptic stationary rates are on the abscissa and ordinate. Pacemaker
inputs produce alternating locking regions and non-locked, irregular output regions. Locking
regions have paradoxical (positive) slopes, indicated by the lines radiating from the origin, with
locking ratios indicated. Figure replotted from [10].

This behavior was termed hopping and has several possible interpretations. A similarly broad range

of behaviors has been noted in experiments on, and models of, invertebrate neurons [16], olfactory

cortex [17, 18], and cardiac tissue [19, 20].

Here we examine three different models in the same manner as the SAO, and evaluate how

well they approximate those seen in the SAO. The main conclusion is that the simpler models do

not reproduce several behaviors as the living preparation, but the more complex model reproduces

most. Therefore, if these behaviors are important computationally (the answer to that currently

unknown), then fairly complex neural models are necessary.

2 The Leaky Integrator Models

The leaky integrator is a simple model of an excitable cell [21, 22, 23, 3, 24, 10], with two state

variables: a potential or activity level, p, and a firing threshold, h, as illustrated in Figure 3. In

the autonomous system, both p and h follow an exponential time course from their respective reset

values, p0 and h0, towards asymptotic values, p∞ and h∞. When p > h, the cell “fires”, and p and
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Figure 3: Modified leaky integrator simulation. In both (a) and (b), the upper traces (h) are threshold,
lower (p) are membrane potential. Large vertical marks (ap) across the x axis indicate AP times. In
(a), pacemaker outputs are shown in absence of input perturbation. In (b), a single inhibitory PSP
(ipsp) is shown at t = 100, marked by a short vertical line across the x axis.

h are reset to p0 and h0. This is described by equations (1) and (2), where ti is the time of the last

AP and τh and τp are the decay time constants.

h(t) = h∞ + (h0 − h∞)e(ti −t)/τh (1)

p(t) = p∞ + (p0 − p∞)e(ti −t)/τp (2)

Driving of such a system is typically accomplished by adding step perturbations to p. Here, the

step height and spacing are the control parameters; it is also possible to make the step amplitude

a function of the current value of p, to mimic the voltage dependence and nonlinear summation

of PSPs in living neurons [25]). Resulting behaviors include phase locking and quasiperiodicity,

with lockings found at ratios of p:q for all rational p/q. Therefore, the leaky integrator duplicates

the overall zig-zag behavior of the SAO mean rate transform [11, 12, 14]. Quasiperiodic behaviors
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occur at irrational ratios of the presynaptic rate and the postsynaptic rate only. No complex behaviors

have been noted for physiologically meaningful input parameter ranges.

2.1 Modifications to the Leaky Integrator

In an attempt to better reproduce the behaviors of the biological system, we examined new models

— the modified leaky integrator and the extended leaky integrator — which expand on the original

by providing more realistic PSPs, nonlinear PSP summation, and a greater element of long-term

“memory”.

2.1.1 The Modified Leaky Integrator

Inputs to the simple leaky integrator model are voltage steps, which are quite different than the

smooth changes in membrane potential caused by PSPs in actual neurons. As proposed by Perkel

[22], more realistic, “smooth” PSPs can be modeled by the sum of two exponentials, as in equa-

tion (3), where PSPj(t) is the j th PSP’s contribution to the membrane potential, Kj determines the

PSP amplitude, sj is the time of arrival of the j th PSP, τ+ is the rise time constant, and τ− is the fall

time constant.

PSPj(t) = Kj

(
e(sj −t)/τ+ − e(sj −t)/τ−

)
(3)

PSPs sum nonlinearly for several reasons. An important one is the dependence of the synaptic

current on the difference between the membrane potential and the PSP’s reversal potential. The PSP

amplitude depends on the amount of charge that flows across the membrane, in turn dependent on

both concentration differentials and membrane potential; varying the membrane potential changes

the charge flows and therefore PSP amplitudes. This feature was accomplished by making the PSP

amplitude a function of p:

Kj = Ag
(
p(sj); p reversal

)
(4)
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where g
(
p(sj); p reversal

) = m PSP
[
p(sj) − p reversal

]
, and now A determines the PSP amplitude

and m PSP scales the PSP according to the difference between p(sj) and the PSP reversal potential,

p reversal. Thus, g(•) provides a gradation of PSP amplitude based on the assumption that it is zero

at p = p reversal, and that it scales linearly with changing p. [26] examined this for SAO IPSPs.

The constant A provides the experimenter with the ability to specify the maximum amplitude that

the PSP will attain.

To couple the nonlinear summation into the model, we keep track of several recent PSPs (since

the last AP was produced), and include their summation in equation (2) for the potential.

p(t) = p∞ + (p0 − p∞)e(ti −t)/τp + ∑
j

PSPj(t) (5)

Finally, resetting of the threshold is changed to approximate a long-term adaptation of neuron

activity to sustained input. The modified version of equation (1) is given in (6), where h′
0 is the

modified resetting value of the threshold — it is incremented by �h from its value at firing time

(ti ).

h(t) = h∞ + (h′
0 − h∞)e(ti −t)/τh (6)

h′
0 = h(ti) + �h

Figure 3 shows waveforms produced by a simulation of the modified leaky integrator model

with no inputs (3(a)), and with a single IPSP (3(b)). In each graph, the upper trace is h, and the

lower is p, while APs are indicated by vertical marks across the x axis. Note that h∞ < p∞, so the

model fires as a pacemaker when undisturbed.

2.1.2 The Extended Leaky Integrator
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Figure 4: The extended leaky integrator adds a “refractory” period to h just after an AP, and an
asymptote for h (mh) with a nonzero slope. A single inhibitory PSP (ipsp) is shown at t = 100,
marked by a short vertical line across the x axis.

The goal of the extended leaky integrator model was to focus on the time course of firing threshold

as a mechanism for long-term variation in neuron activity. This was accomplished in two ways: by

adding an “absolute refractory period” before the threshold begins to decay [22], and by changing

its asymptotic behavior to allow for adaptation to sustained input. Figure 4 shows a trace from a

simulation, and equation (7) summarizes the changes, where δ is the length of the refractory period

(during which h(t) = h′
0) and mh is the slope of the asymptote. By having an asymptote with

a slightly negative slope, we can model the effects of adaptation or accommodation to inhibitory

input, where a pacemaker subjected to an input rate sufficient to stop it from firing initially (for

example) will eventually begin to fire again.

h(t) =




h′
0 ti ≤ t ≤ ti + δ

h∞ + [
h′

0 − mh(t − ti − δ) − h∞
]
e(ti +δ−t)/τh t > ti + δ

(7)
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Figure 5: This diagram schematizes the different voltage-dependent and externally-controlled mem-
brane ion channels in the permeability-based model. Adapted from [33].

2.2 The Ionic Permeability Model

The physiological model chosen was initially developed on the basis of a thorough and exhaustive

series of experimental observations by Edman, Gestrelius, Grampp, and Sjölin for the lobster SAO

and FAO (fast adapting stretch receptor organ) [27, 28, 29, 30, 31, 32]. Since one of their interests

was modeling spike timing, rather than the detailed shape of the APs (though this was modeled

well, too), it matched our goals well. We assume that it holds also for crayfish organs. A modified

version of their model is schematized in Figure 5, which shows “channels” through a lumped

representation of cell membrane. Ionic fluxes are represented explicitly, and they are regulated by

membrane permeabilities, shown as openings through the membrane in the figure. Two of these

fluxes, the Na+ and K+, are controlled by voltage-sensitive permeabilities, P Na and P K. Three

leakage permeabilities, P L,Na, P L,K, and P L,Cl, present constant pathways for Na+, K+, and Cl−

fluxes, respectively. Two active pumping pathways, I p,Na and I p,K, work to maintain internal ionic

concentrations. As in the H-H model, the membrane has an associated capacitance, Cm , and the

plus and minus signs show the polarity for measurement of Vm , not its value.

To the left of the abovementioned channel types there are two additions to the basic model. As

in the H-H model, a bias current is added to produce the pacemaking behavior of the living cell,

and a synaptic channel is used to model to the coupling with the driving cell. The synaptic input

itself was also added. Each input spike from the presynaptic cell causes a brief, fixed-duration

changes in the synaptic permeability, P syn, to particular ions. For IPSPs these involve Cl− [26].

A key difference from the H-H model is that ionic fluxes are dependent not only on the membrane

potential, but also on the transmembrane concentration differential. The internal and external ionic
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concentrations are state variables here, and the internal concentrations are changed by the fluxes,

the Na+–K+ pump which actively exchanges those two ions to maintain resting potential, and by

I bias and I syn.

The modified version of the H-H membrane potential equation is presented in equation (8),

where the currents I X are computed from ionic fluxes J X for type X .

dVm

dt
= −(I Na + I K + I L,Na + I L,K + I L,Cl + I p + I bias + I syn)/Cm (8)

The question of how to compute the ionic flux, given potential and concentration differences

across a semipermeable membrane, was addressed by Goldman for non-equilibrium conditions,

based on a constant field assumption [34]. This is used as the basis for computing the gated ionic

currents for the permeability model:

I Na = AP̄ Nam
2hl

Vm F2

RT

[Na+]o − [Na+]i exp FVm/RT

1 − exp FVm/RT

I K = AP̄ Kn2r
Vm F2

RT

[K+]o − [K+]i exp FVm/RT

1 − exp FVm/RT

and the leak currents:

I L,X = AP L,X
Vm F2

RT

[X ]o − [X ]i exp(FVm/RT )

1 − exp(FVm/RT )

Where A is the cell membrane area, the P X are the maximum permeabilities, F is the Faraday

constant, R is the universal gas constant, T is absolute temperature, and m, h, l, n, and r are

gating variables similar in concept to those of the H-H model. The variables m, h, and l are the

fast activation, fast inactivation, and slow inactivation, respectively, for P Na. For P K, n is fast

activation, and r is slow inactivation.

The pumping mechanism exchanges 3 Na+ ions for 2 K+, and the net effect is:
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I p = AF

3

J̄ p,Na(
1 + Km

[Na+
]i

)3 (9)

where J̄ p,Na is the maximum Na+ pump capacity, Km is a constant, and the factor of 1/3 is the

net effect of the 3:2 pump ratio.

With the ionic currents now defined in terms of ionic fluxes, only the definition of the changing

internal concentrations and the kinetics of the gating variables remain. It is assumed that [Cl−]i is

constant, and that electroneutrality is maintained, so [K+]i = [K+] i,rest − (
[Na+]i − [Na+] i,rest

)
.

The variation in [Na+]i is described by equation (10), where v is the cell volume, indicating that

the concentration changes are due to the net movement of Na+ ions across the membrane.

d[Na+]i

dt
= − 1

Fv

(
I Na + I L,Na + I p,Na

)
(10)

The kinetics of gating variable g (where g ∈ {m, h, l, n, r}) is defined by the first-order equa-

tion (11). The asymptotic value, g∞, and the time constant, τg, are themselves rather complex

functions of Vm , described in full detail in [29, 35].

dg

dt
= (g∞ − g)

1

τg
(11)

An example simulation display is presented in Figure 6, where the upper graph shows Vm , the

middle graph the three ionic currents, and the bottom graph the five gating variables. All three

graphs share the same time axis, and in all three the vertical line marks the time that Vm = 0,

which is recorded as the output time. This display is the result of plotting these values at each time

step that the evaluation function is called by the integrator [36], so the variable step size results in

“dotted lines” where things change slowly and the step sizes are large.

3 Analysis and Simulation Methods
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Figure 6: Display of membrane potential (top), ionic currents (middle), and gating variables (bot-
tom) for permeability model. Time axis for all graphs is identical.

Figure 7: A schematic view of input (presynaptic) and output (postsynaptic) trains. The input
events are regular, with an interval I . The output events may be regular of irregular, with the time
of event i designated ti . Phases φi are measured as the time between an output and the immediately
preceding input, normalized to I . Adapted from [9].
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Table 1: Nominal Parameters for Modified Leaky Integrator
Parameter Value Parameter Value
p∞ -40mV h∞ -45mV
p0 -60mV h0 100mV
τp 35ms τh 35ms
pi -60mV hi 52mV
p reversal 0mV (excitatory) τ+ 2ms

-60mV (inhibitory) τ− 35ms

Table 2: Nominal Parameters for Extended Leaky Integrator
Parameter Value Parameter Value
p∞ -40mV h∞ -35mV

mh -20mV/s
δ 30ms

p0 -60mV h0 100mV
τp 35ms τh 35ms
pi -60mV hi 52mV
p reversal 0mV (excitatory) τ+ 2ms

-60mV (inhibitory) τ− 35ms

In all simulations, parameters were set so the model neurons would fire as pacemakers when

unperturbed. Unless otherwise noted, all simulations for the modified leaky integrator used the

parameters specified in Table 1, and for the extended leaky integrator those in Table 2. These

parameters were chosen so the timing and amplitude details were close to those observed in the

living preparations.

We represent all data, whether produced by a living preparation or by a simulation, by its

associated point process, the times of occurrence of each postsynaptic AP, 〈t0, t1, . . . , tn〉, and each

PSP, 〈s0, s1(= s0 + I ), . . . , sm(= s0 + m I )〉. Figure 7 presents some basic definitions. For the

leaky integrator simulations, the ti are trivially arrived at, as AP generation in these models is a

discrete process. For the permeability model, an arbitrary membrane potential threshold (typically

0V) is used for AP detection. For all models, the PSP times are determined from simulation

parameters. For the living preparation, data was originally on analog tape, and times of occurrence

were determined using a window circuit, as detailed in [2], which recognized presynaptic and

postsynaptic APs (and distinguished them from each other) by their distinctive amplitudes.
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For all analyses, the terms presynaptic, PSP, stimulus, and input shall be used interchangeably,

as will the terms postsynaptic, AP, response, and output. The presynaptic or postsynaptic events

are numbered, and i shall typically be used to refer to an AP ordinal number; j to a PSP number.

The intervals between PSPs are all I , while the interval between APs i and i − 1 is Ti = ti − ti−1.

The relation between the two trains is captured by the cross interval between a postsynaptic event

and the most recent presynaptic event, or φi . This cross interval is also called the phase, and was

typically normalized by I .

Both statistical and nonlinear dynamical analysis methods were used to evaluate model and SAO

behavior. In this paper, we emphasize the use of Arnol’d Maps [37] to illustrate global behavior.

These are a type of two-dimensional bifurcation diagram, displaying system behavioral category

versus two parameters — input interval I (normalized as N/I ) and input amplitude (A for the leaky

integrators, P̄ syn for the permeability model). For our purposes here, it is sufficient to show just

the locked behaviors. Of course, the amplitude is fixed in the living preparation.

It is important to note that it is possible to find lockings at very high ratios with the leaky integra-

tors, so determining whether a behavior is quasiperiodic or merely locked with a prolonged period

may not be possible. Practical limits on our ability to detect locking were arrived at empirically, by

producing a known quasiperiodic behavior. This was accomplished by presenting a periodic input

to the model with zero PSP amplitude and N/I irrational (to the limits of the machine precision),

and testing whether this behavior was distinguishable from locking. We found that we could not

discern between them and lockings at ratios on the order of p:100. Therefore, any ratios involving

more than a few dozen inputs or outputs per cycle were considered quasiperiodic. As explained,

behaviors for the leaky integrators will inevitably be in one of only two categories: “locked” or

“quasiperiodic”.

A wide variety of techniques were used in the investigation [2], including:

Basic Plots Plots of Ti or φi versus either i or ti . These are often referred to as “intime” (Ti , ti),

“phasetime” (φi , ti), “intorder” (Ti , i), and “phaseorder” (φi , i).
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Return Maps These show the dependency of system state on the state at a previous time. Here,

either Ti is plotted against Ti+q or φi is plotted against φi+q , for some integer q.

Recurrence Plots These are two-dimensional displays of how interspike intervals or phases change

with respect to shifts in order [38]. A matrix is formed whose elements (i, j) are Ti+ j − Ti

or φi+ j − φi , and a graph is produced by color coding separate difference ranges.

Power Spectra A function will have a peak in its power spectrum at each prevalent frequency

component. For the SAO and simulations, spectra were computed from the intorder and

phaseorder basic plots, and expressed in terms of cycles/order.

Basic Statistics These included stationarity tests [39], average output interval T̂ , mean rate 1/T̂ ,

interval standard deviation and coefficient of variation, interspike interval histograms, and

autocorrelation and cross-correlation histograms.

3.1 Simulation Methods

The leaky integrators are models based on explicit expressions of the state variables as functions of

time, while the permeability model is constructed as a system of nonlinear differential equations.

Correspondingly, two different simulation methods were used. For the explicitly defined models

the values of the state variables were computed directly from the model equations. AP times were

computed using either a fixed-time-step algorithm or by dividing the function p(t) − h(t) into

monotonic segments and using a standard root finding algorithm [40].

For the permeability model, a public-domain ODE integration package, LSODAR, was used [36],

which is designed for stiff systems. Additionally, we were able to “instrument” the simulations for

AP detection, by testing for roots of Vm(t) while integrating the model equations.
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4 Leaky Integrator Behaviors

Results were obtained for the modified and extended leaky integrators and the permeability model

for periodic (pacemaker) inhibitory inputs. The method used was to first examine the global behavior

of the model through the Arnol’d map. The effects of varying different model parameters were also

explored: a range of τh in the case of the modified leaky integrator, and ranges of τh , δ, and mh for

the extended version. As we can only look at a finite number of locking ratios, it was decided to

use the ratios 1:2, 3:5, 2:3, 3:4, 1:1, 4:3, 3:2, 5:3, and 2:1 in most Arnol’d maps. From that starting

point, more detailed analysis could be made for PSP frequencies and amplitudes that correspond to

map regions with greater physiological or dynamical interest.

Figure 8 presents selected Arnol’d maps from a set that was considered to be an essentially

complete exploration of the global behavior of the modified leaky integrator. For these maps,

0.25 ≤ N/I ≤ 2.0 and 0.0 ≤ A ≤ 3.0. This covers much of the range of plausible inputs to a real

neuron, as A = 2.0 corresponds to an approximately 40mV PSP.

There are several important features of these maps to note. First of all, we see tall, narrow,

p:q locking tongues, each “anchored” (as A → 0.0) at the rational number that corresponds to its

locking ratio, p/q. As A → 0.0, the input has essentially no effect on the output, and therefore

“locked behavior” is only detected when the input interval exactly matches the desired ratio. This

being highly unlikely, the system is quasiperiodic practically always.

Additionally, note that the tongues “lean” to the left. This matches our intuition about inhibitory

inputs — as we increase input strength, we expect to be able to force locking at lower and lower

frequencies.

Finally, note that some of the tongues are “split” vertically near their bottoms (for example, the

1:1 tongue in Figure 8(b)). This “inverted ‘Y’ ” configuration is a result of the transient behavior

of the model. For these parameter combinations, the simulation had been started near an unstable

behavior. For the leaky integrators, analysis started a fixed time interval from the beginning of the

simulation, and for these cases it had not yet settled down to a stationary behavior. This caused the
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Figure 8: Arnol’d maps for inhibitory input to the modified leaky integrator, with varying τh . In
(a) through (c), τh = 0.01, 26.25, and 52.5, respectively. Locking ratios for the widest tongues are
noted.

locking tests used to construct the Arnol’d maps to register “false negative”. This was corrected for

the permeability model by introducing a Kendall trend test to determine the start time for analyses.

For the leaky models, a sampling of points within the ‘Y’ was analyzed manually and determined

to be locked at the expected ratio.

These results were consistent with the existence of lockings at all rational p/q, staggered in

order of increasing magnitude. Tongue widths were related to a Farey sequence in the sense that

the widest tongue between p:q and p′:q ′ was their mediant, p + p′:q +q ′. No behaviors were found

that were qualitatively different than that for an integrate-and-fire model with step inputs. It was

hypothesized that this might be a result of the resetting behavior of the modified leaky integrator
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Figure 9: Arnol’d maps for inhibitory input to the extended leaky integrator, with τh = 7.0 (a) and
49.0 (b), δ = 5.0 (c) and 30.0 (d), and mh = -1.0 (e) and -10.0 (f). The widest locking tongues are
labeled with their locking ratios. In all graphs, those parameters not being varied were set to their
nominal values, given in table 2.

erasing all “memory” of the effects of previous inputs at the time an AP is produced.

The extended leaky integrator was developed to add more long-term effects. As in the analysis of

the modified leaky integrator, a series of Arnol’d map constructions were performed, with important

model parameters varied from map to map. This analysis included varying parameters τh , mh and

δ, and some of the resulting global behaviors are shown in Figure 9.

Despite these changes, no behaviors other than locking or quasiperiodicity were found for this

model. However, it is interesting to note the effects that the additional parameters had on the model

behavior, as they were added to better model real characteristics of living neurons.

Increasing τh is equivalent to making the neuron more “sluggish” — its threshold takes longer
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to recover to values near the asymptote. Additionally, as τh increases, the fraction of the recovery

period spent during the “refractory period” of δ decreases. In other words, if the fall time from h0

to h∞ is approximated by τh , then the total recovery time is R = δ + τh , and as τh → ∞, then

δ/R → 0. By progressively eliminating the effect of δ, we make the model behave more like the

modified leaky integrator.

We note this effect in the figure. When τh = 49.0ms (Figure 9(b)), δ is significantly less

than half of the recovery time, and the Arnol’d map is very similar to that for the modified leaky

integrator. The same can be said for any τh ≥ 35.0ms.

As δ is increased in Figure 9(c) and (d), we note that the tongues become somewhat narrower.

Since the fall time τh is the same for all values of δ, larger δ means a greater percentage of the

neuron’s time is spent with h = h0 (i.e., as δ → ∞, then δ/R → 1). The result is that, instead of

just the earliest PSPs after an AP arriving during the refractory period when h = h0, later and later

ones will (ones with φi → 1). This causes a reduction in the effect of such PSPs, as they arrive

when the difference between p and h is at least 65mV. Hence, locking occurs over a smaller range

of frequencies for PSPs of the same amplitude.

Varying mh had a less pronounced effect on the model’s behavior, with tongues narrowing a bit

with increasing |mh|. This is a result of the shorter fall time for h, which increases the percentage

of the neuron’s time spent with h − p < 5mV . Thus, the effect of earlier PSPs increases.

5 Permeability Model Behaviors

To construct the Arnol’d map for the permeability model, the driving amplitude was changed via

the maximum synaptic permeability, P̄ syn. The resulting map is in Figure 10, with non-locked

behaviors in the cross-hatched regions. Because of the computing requirements of this model, the

exploration was much sparser than those of the leaky models, including approximately 20 points

across and 30 down, for a total of about 500 simulations. Therefore we must keep in mind that

the separation between points examined is at least as great as the size of some of the features of
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Figure 10: This graph shows the borders of selected locking behaviors for inhibitory input to the
permeability model. Note the region to the right where inhibition shuts the simulated neuron down.
Adapted from [33].

interest, such as the widths of the tongues and the spacing between them.

Several interesting features became apparent, despite the sparseness of the sampling. With

inhibitory input, the model can be shut down if the input frequency is too high. Additionally, the

1:1, and possibly 2:1 and 3:1, locking tongues tend to narrow at low amplitudes and at high ones.

This is most apparent for the 1:1 tongue, as it is the only one significantly wider than the sampling

interval. At low amplitudes, this is the result of increasing number of non-locked behaviors. The

latter could be thought of as a “squeezing” of the range of frequencies within which the neuron

will produce any output at all — between N/I = 0 and N/I at complete inhibition. The sum of

all behavior rate domains can be no greater than the frequency range itself, and it is therefore not

surprising that individual behavior ranges are reduced. This apparently also includes non-locked

domains.
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Figure 11: Two classes of intervals (A and C) and phases (B and D) were found to repeat for each
driver interval in this example of locking in the permeability model. Close up of one cluster in
second order return map (E) illustrates scatter of phases relative to temporal resolution of simulation.
N/I = 0.4, I = 0.261s, T = 0.130s, P̄ syn = 7.0 × 10−7cm/s.

With this map as a guide, individual (N/I, P̄ syn) pairs were explored, to locate behaviors which

might correspond to those exhibited by the SAO. Here we illustrate locking, walkthroughs, and

what is presumed to be chaos. For all of the comparable non-locked behaviors, graphs of both the

simulation and SAO results are presented.

5.1 Periodicity

Periodic behavior implies p:q locking, in which a fixed, repeating input/output relationship occurs,

with q output intervals 〈Ti , Ti+1, . . . , Ti+q−1〉 and q phases 〈φi , φi+1, . . . , φi+q−1〉 repeating every

p input intervals, so that pI = qT , where T is the average of the output intervals. Figure 11
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Figure 12: Permeability model walkthrough intervals (A, C, E) and phases (B, D, F). Intime plot (A)
shows preferred minimum interval. There are two classes of phases (B) which predominate (φ =
1 ≡ φ = 0), with less numerous ones between. Interval return map (C) is ‘L’ shaped with “elbow”
on the diagonal. Phase (D) return map suggests a practically one-dimensional continuous curve.
Periodograms (E and F) suggest frequency contributions from multiple periodicities, including at
least the number of steps in a walkthrough (approximately 24) and the two categories of phases
which alternate. N/I = 0.5s, I = 0.209s, T = 0.107, P̄ syn = 6.0 × 10−9cm/s.

shows an example for 1:2 locking. In (A), we see that the short interval is actually shorter than

the natural interval, N — an example of IPSPs having an acceleratory effect. A magnified view

of one of the points in the 2 nd order phase return map (E) shows both the “noise” inherent in the

simulation and the quantization of the stored event times. The simulation itself was performed using

double-precision floating point, but the event times were stored as single-precision. The width of

the “point cluster” in the phase return map is approximately 30µs, while the minimum temporal

resolution is approximately 1/20 of that, or 1.5µs.

5.2 Walkthroughs
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Forcing an oscillator beyond its entrainment limit can result in a type of intermittency called

quasiperiodicity, in which an almost-locked condition exists [41]. It shares with other intermittent

behaviors the (heuristically defined) characteristics of being close to locked, but destabilizing from

time to time. In quasiperiodicity, rather than describing a closed path in phase space (as in locking),

the system’s trajectory drifts slightly, so that it is offset each time. Because this results in phases

which “walk through” a range of values before (almost) repeating, quasiperiodicity is identified

with walkthroughs in the SAO, as a special case. In return maps, quasiperiodic behavior results in

points describing one-dimensional curves, as in Figure 12(D). Consider the mapping that the curve

represents, such as φi → φi+1 in the figure. Where the curve is closest to the diagonal φi = φi+1,

successive phases will differ the least; they “walk” the slowest.

Imagine this mapping to be taken from a family of some control parameter, where the parameter

moves the curve closer to or farther from the diagonal. Then the related periodic behavior can

be regarded as the result of a mapping in which the curve crosses the diagonal. Such crossings

represent fixed points; those at which the slope of the curve is less than |1| are stable. Because of the

similarities between quasiperiodic and the related periodic behavior, it is said that the periodic limit

cycle “impresses its mark” upon the nearby nonperiodic behavior, or that it exists as a “phantom”

[42].

Two different types of apparently quasiperiodic behavior were found, though they may represent

extremes of a range of behaviors. Figure 12 shows information about intervals and phases for one

type, just above the 1:2 locking region. We see a strongly favored minimum interval, and phases

which alternate between two different categories and walk through from one to the other, slowly

drifting upward. Spectra (Figure 12(E) and (F)) have peaks that correspond to the average number

of phases or intervals in an individual walkthrough.

The plots in Figure 12 are comparable to those from the SAO in Figure 13. In both cases, the

interval return maps are ‘L’ shaped, with the elbow on the diagonal, indicating a preferred minimum

interval that precedes and is preceded by any other in a certain range. Additionally, the phase return
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Figure 13: SAO walkthrough intervals (A, C, E) and phases (B, D, F). Intime plot (A) shows
preferred minimum value. Phases (B) alternate between a long and short category, which walk
through the range of values in a roughly but not completely standardized manner. Interval return
map (C) is ‘L’ shaped with elbow on the diagonal. Phase return map (D) suggests a practically
one-dimensional continuous curve. Periodograms (E and F) mostly broad band, with a significant
peak close to 0.5, the phase alternation frequency.

maps contain points which fall along a one-dimensional, invertible curve that is similarly shaped

in both cases.

There is evidence among the simulations for a range of walkthrough behaviors, whose most

noticeable difference is the “collapse” of a “loop” in the interval return map to an ‘L’. Figure 14

shows several interval return maps from simulations with the same PSP amplitude and decreasing

input rate. From parts (A) through (D), a progressive reduction of a loop occurs, until the map

is ‘L’-shaped. Note that the enlargement in (E) of the “elbow” still indicates that the map can be

described as a 1-dimensional curve in the plane. Compare this to the fine structure in Figure 15. This

is an enlargement of the elbow of the interval return map in Figure 12(C). This covers an area almost

two orders of magnitude wider and taller than the point produced in locking (see Figure 11(E)) —

2ms on a side. We consider 0.5ms to be the limit of physiological significance, so this is near that
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Figure 14: Walkthroughs for the permeability model. P̄ syn = 7.5 × 10−9 interval return maps for
N/I values of 0.59 (A), 0.56 (B), 0.54 (C), and 0.51 (D). Part (E) shows enlargement of “elbow”
in (D).

Figure 15: Expanded view of “elbow” portion of interval return map in Figure 12(C). Adapted from
[33].
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limit, but not too small to be of potential importance relative to the living preparation. We see that

the interval return map is not invertible, and that there is a fine structure associated with it. Nearby

points fall on topologically distant parts of whatever object is described by the map, and there is

a suggestion that points which appear to be connected by a simple curve are on separate folds of

some more complex figure, when a larger magnification is used.

This behavior is tentatively assigned to a pathway to chaos called collapse of the quasiperiodicity,

and its similarity to results found for the Hodgkin-Huxley equations under sinusoidal forcing is

notable [43]. In both cases, an apparently quasiperiodic behavior (when viewed globally) is found

to have small-scale structure consistent with chaos.

5.3 Chaos

In the SAO, two different types of difficult to describe and largely unpredictable, “messy” behaviors

were identified: erratic and stammering [2, 15]. One main difference between these two is that

erratic behavior occurs at relatively low presynaptic rates and stammering occurs at high rates, below

and above 1:1 locking, respectively. In stammering, APs can only occur during small “windows”

of time. So far, no truly erratic behavior has been found in the permeability model, however,

“erratic-like” responses have been noted for PSP frequencies just above 1:1 locking, an example

of which is in Figure 16. In the intime (A) and phasetime (B) plots, we see that there are several

preferred intervals or phases, with a smaller number of marks filling the spaces in between. This is

similar to the erratic SAO behavior, and results in complex return maps (C and D). In the interval

return map, we see some suggestion of the ‘L’ shape of the collapsed quasiperiodicity (as part of

an overall “triangular” pattern), however there are significant additional clusters of points. The

map contains features common to several experimental setups, including the general ‘L’ shape with

additional disjoint clusters seen in the SAO [2]. The hook-like structure forming the left side of the

triangle in Figure 16(C) is seen in numerical simulations and experimental results of the Belousov-

Zhabotinski (B-Z) chemical reaction [44]. There, it forms a 1-D map with a single extremum in
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Figure 16: Erratic intervals (A, C, E) and phases (B, D, F) for the permeability model. Intime (A)
and phasetime (B) plots show multiple preferred values, with significant departures. Interval return
map (C) is multivalued and complex, while phase return map (D) is non-invertible. Periodograms
(E and F) have broad band and significant peaks. N/I = 1.0, I = 0.104s, T = 0.142s, P̄ syn =
2.0 × 10−8cm/s.

Poincaré sections of ion concentration evolution. A “many-cusped” shape (the separate cluster

which is to the right of the top vertex of the triangle in (C)) is reminiscent of that observed in

sinusoidally forced Hodgkin-Huxley equations [43]. This was the result of applying high-current

input at a frequency just below that which caused 2:1 locking, and then plotting a Poincaré section

of the membrane potential. These features are suggestive of finer structure and fractal attractors.

The tentative conclusion of the chaotic nature of this behavior is supported additionally by the

periodograms in Figure 16(E and F), each of which has some small but significant peaks and a

broad band.

A different type of messy behavior in the SAO is called stammering, described as far as we

know only in the IPSP-driven neuron system (as opposed to sinusoidal stimulation, for example).
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Figure 17: Windowing occurs in the IPSP-stimulated system because the neuron is less likely to
fire for a time after the arrival of an inhibitory spike I. Top traces show these times of arrival, bottom
traces indicate the excitability of the postsynaptic neuron (shaded when it is incapable of firing).

As shown in Figure 17(top), if we consider firing by the postsynaptic neuron, we see that after an

inhibitory spike firing is precluded for a short time; the postsynaptic cell recovers its ability to fire

after some period of time and remains able to do so until the next arrival. If inhibitory spikes are

presented at shorter intervals (middle) the periods within which the neuron can fire, or windows,

grow smaller. At high frequencies (bottom), the windows have become quite small, occurring at the

times of presynaptic arrival. Under these conditions, the postsynaptic intervals are practically equal

to multiples of the inhibitory interval, and phases practically equal to 0 or 1. Higher frequencies

than that may cause the neuron to be silenced completely.

This type of discretization occurs in both the SAO and the model, and is called windowing.

Two additional points are worthy of note. First of all, during the windows the neuron may not

completely recover, and therefore may not fire in all of them. In other words, the probability of

firing during a window may not be 1. As a result, the windowed behavior may be locked p:1 (p =
1, 2, . . .), intermittent, or, when unpredictable, stammering, as noted for the SAO [2]. Furthermore,
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Figure 18: Stammering intervals (A, C, E) and phases (B, D, F) for the permeability model. Intime
plot (A) shows acceleratory effect of inhibition and extreme intervals which are multiples of driver.
There are two classes of phases (B). Interval return map (C) indicates that short interval can follow
any other, and that all others are followed by short interval — a non-periodic progression (E). Phases
do alternate, however (D and F). N/I = 0.8, I = 0.130s, T = 0.168s, P̄ syn = 7.0 × 10−7cm/s.

the fluctuation of excitability after an IPSP may be more complex than simply “refractory, then

recovered”, producing multiple windows of higher excitability, separated by refractory periods.

Figures 18 through 21 correspond to such multiple-window situations with, in these cases, two

windows per IPSP.

In Figure 18, we see results from a permeability simulation with a schematic showing the AP

timing presented in Figure 19. There are two windows, visible in the phasetime plot (B), one just

after the time of arrival of the inhibitory spike and IPSP, and the other at a longer phase. For the

most part, there are three classes of postsynaptic intervals (Figure 18(A) and Figure 19 T1, T2, and

T3), the shortest being that between APs not separated by IPSPs, the middle from a late phase AP

to an early phase AP and with two IPSPs between them, and the longest interval corresponding to
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Figure 19: The stammering involves two different phase and three different interval categories.

a late phase AP to an early phase AP separated by three IPSPs. After the model fires a pair of APs,

it will “wait” for either 2 or 3 IPSPs to arrive before firing again. The resultant behavior is not

regular, as evidenced by the interval return map (C) and periodogram (E). The phase return map

(D) and periodogram (F) show that it will always fire twice between two IPSPs if it fires at all, with

the two points in the return map falling on the diagonal in a 2 nd order map, and a pronounced peak

at 1 cycle per two phases in the periodogram.

In the SAO, the determination of whether to fire or not after an IPSP was attributed to noise

and no evidence of deterministic issues was detected [14, 15]. We might at first theorize this to be

the case for the simulation, too, if we consider the truncation and roundoff errors of the integration

algorithm to be the noise source. However, enlarging what appear to be “points” in the phase

return map, as in Figure 20, we find evidence for a deterministic cause for the unpredictability.

The structures visible in the enlargements here are almost two orders of magnitude larger than the

spread seen in the locked response of Figure 11(E), and more than three orders of magnitude larger

than the temporal quantization of event storage. It is immediately apparent that these “points” have

a definite structure (unlike those in Figure 11(E)), and that the relative unpredictability of firing is

the result of an underlying deterministic, possibly chaotic, process. The top left point looks just

like a miniature logistic map, while the bottom point seems to have two regions. Neither mapping

is invertible. These two islands express the same folding and stretching behavior that has been

seen in sinusoidally forced oscillators (such as the Brusselator [45, 46]) and sinusoidally forced

autonomously oscillating squid giant axons [47], as well as the B-Z reaction [44].
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After this “double window” stammering behavior was noted in the simulation, a search of the

SAO data revealed a doubled window there, too. Figure 21 shows such a response of the SAO,

where only single-window responses had been reported previously [2]. We see three different

intervals (A) and two different phase categories (B). Some phases are almost 1, implying output

spikes almost at inhibitory arrival times; all phases are 0.75 or over. Interval and phase return maps

(C and D) are not too similar to that of the permeability model, though the long phase clusters

do exhibit some “local structure” (refraining from calling it “fine structure” because of the large

amount of noise inherent in the experimental data). This local structure is apparent in the CH (F),

which has a bimodal group of pre- to post-synaptic spike cross intervals; in this special case the

only cross intervals represented are those of first order, i.e. the phases. The interval periodogram

(E), being essentially flat illustrates the lack of periodicity.

In SAO data there was no evidence for anything but noise [14, 15]. Simulations suggest that

there may be an underlying deterministic process which is “washed out” in the SAO by noise. The

significance of this is currently a matter of conjecture.
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Figure 20: Phase return map. The two classes of phases alternate. Enlargements show each cluster
has fine structure, an extremum, and is not invertible.
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Figure 21: Stammering response from SAO shows two firing windows as two phases (B). Limited
interval spread (A) is similar to simulation. Interval return map (C) indicates that detailed response
differs from simulation, while periodogram (E) reveals no obvious periodicity. Phase return map
(D) suggests “split” of longer phases, similar to simulation, which is borne out by cycle histogram
(F).
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6 Discussion

We have seen that even simple nonlinear dynamical models, such as the leaky integrators, fail

to duplicate the complexity of behaviors that a living neuron is capable of. By comparison, the

permeability model duplicates many of these behaviors, including walkthroughs and stammering,

even when studied at a relatively coarse granularity. It is yet to be determined whether it will

prove to display the two remaining categories, namely erratic and hopping. The model does show

erratic-like behavior, but this was found at input rates above 1:1 locking, rather than below, as in

the SAO. This may be corrected with a more detailed exploration of the input parameter space. On

the other hand, hopping in the SAO, which has been interpreted as a shifting of the neuron among

two or more of the other behaviors by noise, is less likely to be found without the addition of a

noise term to the model. An investigation of noise effects would also be interesting because of the

significant influence it can exert on neuron function [48, 49].

Beyond simple duplication of SAO activity, the permeability model has also revealed interesting

details which bear further investigation. One of these is the possible “collapse” of quasiperiodic

behavior, producing an attractor with fine structure. Another is the apparent presence of small-scale

chaos in stammering, something that is presumably hidden by noise in the SAO.

The single synapse performs a complex coding operation, transforming input spike trains into

output trains. The corresponding timings are referred to, respectively, as “arrival” and “generation”

times. It is clear that this coding is complex. Not surprisingly, the system’s dynamical behaviors

when pacemaker neurons are involved includes several of the commonly observed responses of an

oscillator to periodic input, including locking, quasiperiodicity, and (possibly) chaos, as well as

bifurcations between them. However, the computational significance of such behaviors, if any, is

still unclear. It is possible that the pacemaker input model is inappropriate for neural networks; that

in networks containing large numbers of synapses and neurons the behaviors elicited by pacemaker

inputs will be washed out by the large variation of input timings, membrane geometries. However,

this model is at the very least reasonable and informative for functions such as central pattern
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generators or synchronization/desynchronization of cellular assemblies, where such dynamical

“details” apply directly.

The case where one pacemaker cell drives another is a priori one of the simplest. furthermore,

the behaviors encountered at different driver rates — locking, etc. — are encountered also with other

drivings, suggesting that they may be basic building blocks [14, 50, 51, 52, 48] For these reasons,

we feel that the pacemaker input regime is both a necessary and useful first step in understanding

the use of dynamics in neural computation. The subsequent steps, involving transients, modulated

inputs, etc., are being investigated [50, 51].

Modeling can be a powerful tool for understanding neural computation, and is a fundamental

part of ANN work. This paper has concerned itself primarily with the question of what are necessary

parts of useful models. Certainly, a good model should include all aspects of the system under study

which are important for answering the questions of interest. But here we do not know what these

“important aspects” are. Thus, we started with the assumption that a good model should duplicate

the major dynamical behavior characteristics of the SAO.

In our model comparison, we saw that the various leaky integrators, simple and commonly

used dynamical models of neurons, duplicated the SAO’s locked behaviors, but not the non-locked

ones, and therefore as input frequency was varied showed no alternation of locked and non-locked

responses. The permeability model, on the other hand, reproduced well most basic features, though

conclusive evidence of the erratic behaviors is yet lacking. Additionally, it has produced results

which predicted behaviors later found in the SAO data (data which had been collected before the

modeling). A subsequent re-examination of crayfish data revealed that certain simple stammerings

were in fact double-windowed stammerings, and had been mis-classified [2].

It’s not surprising that a more complex model would be more “accurate”, so we consider some

of the advantages and disadvantages of each type of model here. The permeability model is based

on careful electrophysiological and chemical dissection of the physiology of the stretch receptor

neuron. This can be viewed as an advantage, in that we can learn directly about the physiological
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mechanisms for the various observed behaviors. Additional physiological details can also be

incorporated. This can also be considered disadvantageous, for two reasons: the model is already

complex (parsimony ina model being an asset), and the model may be overly specialized. The

latter is really an argument that the living preparation (SAO) may be too specialized; however, its

recognized prototypical status is a reasonable basis for the working hypothesis that its behaviors

have more universal applicability to many nerve cells and synapses. The former objection (that

the model is complex) is true, but it is currently unclear that it is unnecessarily so. Additionally,

a reservoir of experience in analyzing similarly structured models in other fields, using nonlinear

dynamical techniques among others, leads us to consider its complexity as manageable. Thus, it

can potentially serve as a link between investigation of physiological and formal mechanisms.

The leaky integrators are fairly simple models. We believe that this simplicity is more that

outweighed by several factors beyond their failure to match the SAO dynamics. First of all, an

analysis of their dynamics may not be any easier than that of the permeability model, for several

reasons not the least of which is their discontinuous nature. More importantly, this type of model

represents an intermediate category which is neither completely physiological nor analytic, and

has the disadvantages of being neither; that understanding it may tell us little about physiology or

neuron dynamics. A far more promising analytic model, developed by Nomura and collaborators,

is reviewed in [53].

Many questions have been raised here, and are currently being investigated. These include

benchmarking efforts — more detailed examinations of the ways that the permeability model is like

the SAO, and if not, why. This necessarily involves investigation of physiological and dynamical

characteristics of both. Additionally, benchmarks with respect to analytic models will determine

the utility of the simpler ones. This is a prerequisite to addressing the question of functional

significance, which will involve operation of this model in the context of networks performing

specific functions.
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[27] Å. Edman, S. Gestrelius, and W. Grampp, “Intracellular ion control in lobster stretch receptor

neurone,” Acta Physiol. Scand., vol. 118, pp. 241–52, 1983.

[28] S. Gestrelius and W. Grampp, “Kinetics of the TEA and 4-AP sensitive K+ current in the

slowly adapting lobster stretch receptor neurone,” Acta Physiol. Scand., vol. 118, pp. 125–34,

1983.

[29] S. Gestrelius and W. Grampp, “Impulse firing in the slowly adapting stretch receptor neurone

of lobster and its numerical simulation,” Acta Physiol. Scand., vol. 118, pp. 253–61, 1983.

38
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7 Symbols

7.1 General

φi interval between output i and most recent preceding input.

I input interval between PSPs.

N natural interval between APs when pacemaker neuron is unperturbed by inputs.

p number of inputs in a locking cycle.

q number of outputs in a locking cycle.

sj arrival time of j th input PSP.

ti arrival time of j th output AP.

Ti interval between output i and output i − 1.
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7.2 Leaky Integrators

A PSP amplitude.

g PSP scaling function.

h firing threshold.

h0 reset value of h for simple leaky integrators.

h′
0 reset value of h for modified and extended models.

h∞ asymptotic value of h.

�h reset offset for h.

mh slope of h-asymptote for extended model.

m PSP slope of PSP scaling for g.

p membrane potential.

p0 reset value of p.

p∞ asymptotic value of p.

p reversal PSP reversal potential.

PSPi i th input’s contribution to p.

δ “refractory period” for extended model.

τh h time constant.

τp p time constant.

τ+ PSP rise time constant.

τ− PSP fall time constant.
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7.3 Permeability Model

Cm membrane capacitance.

F Faraday constant.

g∞ asymptotic value of gating variable g ∈ {m, h, l, n, r}.

h fast inactivation gating variable for Na+.

I bias pacemaker current.

I K, I Na ionic currents.

I L,Cl, I L,K, I L,Na leak currents.

I p,K, I p,Na pump currents.

I p net pump current.

I syn synaptic current.

J X ionic flux corresponding to current I X.

l slow inactivation gating variable for Na+.

m fast activation gating variable for Na+.

n fast activation gating variable for K+.

P K, P Na voltage sensitive permeabilities.

P L,Cl, P L,K, P L,Na leak permeabilities.

P syn synaptic permeability.

P̄ X maximum permeability for ion channel of type X.
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r slow inactivation gating variable for K+.

R universal gas constant.

T temperature (absolute).

Vm membrane potential.

τg time constant for gating variable g ∈ {m, h, l, n, r}
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