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Abstract

This report presents a simple, robust algorithm for detection of locking in dynamical systems

composed of coupled oscillators. Simulations with added noise show worst-case noise tolerance

10%, with general-case tolerance closer to 50%. We suggest that pattern-recognition approaches

to dynamical systems analysis may prove more practical for data accompanied with unavoidable

noise.



  

1 Introduction

Classifying the behavior of a dynamical system is not necessarily a straightforward proposition,

especially if data has signiÆcantuncertainty or noise asociated with it. For instance, distinguish-

ing data with additive noise from that produced by a deterministic, chaotic process is presently

an open question [1]. Typically, this is a result of the noise sensitivity of the algorithm [2]. Here,

we concentrate on the effects of periodically forcing an intrinsic oscillator. The phase-plane be-

havior of such an oscillator, with unperturbed period N , is shown in Fig. 2(A), and as perturbed

by another oscillator with period I in Fig. 2(B). This communication describes an algorithm for

diagnosis of locking of the driven oscillator with the driving one, and demonstrates its use in

the construction of Arnol’d maps [3] (described in more detail in section 2). These maps are

useful as graphical descriptions of system behavior, including locking and global bifurcations,

as a function of input parameters. These parameters are: A, the coupling strength between the

two oscillators, and I , the driving oscillator’s period, with I normalized by N . In sections 3

and 4 we describe the data collected from the driver and driven oscillators, and the operation of

the algorithm on such data.

One crucial property of any such diagnostic algorithm is its noise sensitivity, especially when

the data in question come from physical experiments. In section 5 we analyze the effect of noise

on the algorithm, and in section 6 we present experimental results with several different values

of synthesized added noise. We conclude with a discussion of extensions of the algorithm to

determination of recurrence times in delay-coordinate embeddings.

2 Graphical Analysis Of Global Behavior

In Arnol’d maps, system behavioral category, such as locking, quasiperiodicity, and chaos is

plotted in the �F�A� plane (where input frequency F � N�I here). Lockings tend to occur in
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Figure 1: Arnol’d map for simulated periodically forced oscillator (A in arbitrary units).

relatively tall, narrow regions in the plane, hence the appellation tongues. For our purposes, only

locking is ™diagnosed” to construct the maps, and only for a limited number of ratios. Areas

between locking tongues may include other lockings or non-locked behaviors. Stereotypical

global bifurcations of dynamical systems, such as period-doublings, are immediately apparent

from such maps. Fig. 1 shows an Arnol’d map generated from a series of computer experiments.

It was constructed by categorizing system behavior at regularly spaced values of A and N�I ,

and coloring the map at that point black if locked at one of the ratios ���, ���, ���, ��	, ���,

	��, ���, ���, or ���. While we cannot expect to perform experiments on physical systems at

as many locations in the map as we can on computers, analogous procedures can be used to

produce coarser maps from such data.
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3 Data Collection And Analysis

Fig 2 illustrates the experimental setup. The times that each oscillator’s state passes through a

reference plane in its phase space are recorded. In Fig. 2(B), these event times are t�� t�� � � �

for the driven oscillator, and nI for the driver. We analyze the relationship between the two by

computing the cross intervals (�i) of time between ti and the immediate preceding driver event

time, normalized to the driver interval I (so 
 � �i � �).

Just as Arnol’d maps are graphical descriptions of global behavior, return maps are graphical

descriptions for individual settings of F and A, showing the dependence of cross intervals on

previous ones (i.e., how cross interval �i�q depends on the value of �i). Fig. 3 illustrates

how a map of order q is constructed. Salient features of such maps include the presence of

discrete clusters of points versus their forming extended curves, the number of clusters, and the

characteristics of the curve (such as montonicity, its minima or maxima, or expression of a 1-1

versus 1-many mapping). Dispersion of points from precise points or curves may be the result

of noise or of chaos. If p�q locking exists, then the points will cluster along the �i�q � �i line

(i.e., �� in Fig. 3).

4 The Algorithm

The clustering of points along the diagonal in the return map is the key to locking detection. If

p�q locking is exhibited (a sequence of q cross intervals repeats for p inputs), then the qth order

return map will have all points on the diagonal (�i�q � �i). Additionally, these q outputs will

occur in the same amount of time that p inputs do, so that qTav � pI (where Tav is the average

oscillator interval over the q in a repeating sequence). We may then check these two conditions

for each locking ratio in which we are interested.

To test the former condition (even in the presence of noise, which will disperse points away
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Figure 2: Experimental setup. An oscillator with natural period N is shown in (A). In (B), that
oscillator is perturbed by another with period I .
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Figure 3: Return map construction (Redrawn from [4]).

from the diagonal), the �i�q are subtracted from the �i to produce �i � �i � �i�q, and the

variance of these differences is computed. The latter condition can be tested by comparing the

ratio of intervals with its theoretical value (i.e., computing Tav�I � p�q). In both cases, one

must check that the result is less than an appropriate tolerance value, which can be determined

from a consideration of the effects of noise.

5 Noise Sensitivity

Consider the effect of additive noise on the variance of the �i, V ���, assuming the �i are

computed from a stationary portion of the data. As the �i and noise (with variance V �U�) are

uncorrelated, the variance of the data with noise, V �Z�, is just V ��� � V �U�.

If the behavior being analyzed is locked p�q (inside a tongue), then V ��� will be vanishingly

small, so V �Z� will be approximately equal to V �U�. If the behavior is not locked p�q, then we
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would expect V ��� to (generally) be on the order of the square of the average cross interval,

O� �i
�
�. Thus, as long as the average cross interval is much larger than the range of noise values,

we expect a signiÆcantdifference between the total variance in the ™p�q” and ™not p�q” cases,

and we are able to select a threshold between the two based on our expectation of maximum

added noise.

6 Empirical Results

Tests of this method were performed using simulations of a neural pacemaker – the crayÆsh

slowly adapting stretch receptor organ (results from the living preparation are described in [4, 5]).

The model used by this simulation is a modiÆcationof the the classic leaky integrator [6, 7],

which is expected to produce lockings at all rational p�q. Model parameters were selected such

that the oscillator Æredregularly as a pacemaker, and regularly spaced inputs were provided.

This was used to produce the Arnol’d map shown in Fig. 1.

We then examined more closely the effects of added noise, arbitrarily choosing points in

the map at A � � and N�I in the ranges [0.9, 1.1] (at the left margin of the 1:1 tongue)

and [0.49, 0.52] (at the left margin of the 1:2 tongue). Noise was chosen from a uniform

distribution [8] with a range of ��������, so we expect V �U� �
�
��
��

. We ran tests for

� � f
�
�� 
�
�� 
�
�� 
��� 
��� 
��g, and plotted the variance both inside (circles) and outside

(squares) the tongue, versus noise in percent.

Fig. 4 shows the results for the � � � case. Here, lockings occured with small �i (cross

intervals small compared to N or I), resulting in very low variances within the tongue, and a

�
� difference between locked and unlocked cases, even with 50% added noise.

The ��� locking results, shown in Fig. 5, illustrate the effect of noise when the oscillator

locks at �i close to the maximum possible. Here, a more realistic �
� difference in locked and
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Figure 4: Example of good-case noise effects. Squares indicate unlocked case, circles, locked
���.

non-locked variances exists for 10% noise, and it is still just feasible to differentiate the two

cases with 50% noise.

7 Extension To N -Dimensional Embeddings

The technique use to construct return maps can be extended to multiple dimensions to construct

recurrence plots [9]. In such plots, the �i are embedded in a n-dimensional space using delay

coordinates, in which n phases make up a single point, pi � ��i� �i�� � �i��� � � � � � �i��n���� �.

Distances between these points are used to build a graph which encodes, for each point pi
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Figure 5: Example of bad-case noise effects. Squares indicate unlocked case, circles, locked ���.

(
 � i � N��, plotted along the X axis of the graph) the distance to a subsequent point pj

(i � � � j � N��, plotted along the Y axis of the graph), as colors for different ranges of

distance. Recurrence times (the time scale over which the system’s state returns to approximately

the same area of the embedding space) are revealed as horizontal lines of equal color. Stationarity

(or its lack) can be evaluated similarly.

Just as embedding techniques can be extended to recurrence plots, we can also apply the

diagnostic techniques described here to automatic determination of recurrence times, even in the

presence of noise. As long as the attractor of the system in the embedding space is much larger

than the area in which we shall consider the state to have recurred, and the noise is signiÆcantly

smaller in magnitude than the attractor, unequivocal categorization is feasible.
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8 Conclusion

By mimicking to a certain extent the judgement that a human would exercise when examining

a return map, we have arrived at a simple algorithm for locking diagnosis which is robust

in the face of noise. Additionally, this algorithm can be extended to detection of recurrence

times for dynamical systems. However, this diagnosis is rather simple compared to tasks such

as estimation of dimension [10, 11] or Lyapunov exponents [2]. While algorithms for these

are sensitive to noise, requiring massive amounts of data to produce reliable estimates (and

sometimes never producing reliable estimates), it may be possible to do more with less, so to

speak. Just as the method here is based on categorization of the pattern of system dynamics,

these tasks may also be amenable to pattern recognition approaches [12]. Pattern recognition

algorithms for analysis of dynamical systems could achieve robust performance even in the face

of noise by eschewing estimation of precise numerical values characteristic system descriptors

in favor of detection of geometry-related features of the dynamics. These features may still be

sufÆcientfor categorization of a system as chaotic, for instance, even when noise has blurred

the small-scale features to the extent that noise-sensitive descriptors (e.g., Lyapunov exponents)

cannot be estimated.
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[9] G. Mayer-Kress and A. Hübler, ™Time evolution of local complexity measures and aperiodic

perturbations of nonlinear dynamical systems,” Tech. Rep. LA-UR-89-2202, Los Alamos

National Laboratory, 1989.

[10] J. Martinerie, A. Albano, A. Mees, and P. Rapp, ™Mutual information, strange attractors,

and optimal estimation of dimension.” preprint, 1991.

10



  

[11] A. Mees, P. Rapp, and L. Jennings, ™Singular-value decomposition and embedding dimen-

sion,” Physical Review A, vol. 36, no. 1, pp. 340±6, 1987.

[12] W. Karplus, ™System identiÆcationand simulation – a pattern recognition approach,” in

Proceedings of the Fall Joint Computer Conference, vol. 41, (Montvale, NJ), pp. 385±92,

AFIPS, AFIPS Press, 1972.

11


