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The Minimum Distance of the Duals of Binary
Irreducible Cyclic Codes

Cunsheng Ding, Member, IEEE, Tor Helleseth, Fellow, IEEE, Harald Niederreiter, and Chaoping Xing

Abstract—Irreducible cyclic codes have been an interesting sub-
ject of study for many years. The weight distribution of some of
them have been determined. In this paper, we determine the min-
imum distance and certain weights of the duals of binary irre-
ducible cyclic codes. We show that the weight distribution of these
codes is determined by the cyclotomic numbers of certain order. As
a byproduct, we describe a class of double-error correcting codes.

Index Terms—Codes, cyclotomy, irreducible cyclic codes.

I. INTRODUCTION

I RREDUCIBLE cyclic codes have been an interesting sub-
ject of study for many years due to several facts. First, the

weight distribution of some of them is relatively easy to deter-
mine partly because they have small dimensions. In fact, some
irreducible cyclic codes have only two weights [9], [1]. In the
semiprimitive cases and several special cases, the weight dis-
tribution of irreducible cyclic codes has been determined (see
Baumert and McEliece [1], Delsarte and Goethals [9], Helle-
seth, Kløve, and Mykkeltveit [14]). Second, in certain cases
such as the semiprimitive cases, powerful mathematical tools,
such as cyclotomy and exponential sums, can be applied to de-
termine the weight distributions (see, for example, Niederreiter
[20]). Numerical examples of the weight distribution of certain
minimal cyclic codes are given by MacWilliams and Seery [17].
However, it should be noted that the weight distribution of only
a few classes of irreducible cyclic codes is known.

In contrast, little has been done on the determination of the
weight distribution of the duals of irreducible cyclic codes. The
purpose of this paper is to determine the minimum distance
and some weights of the duals of certain classes of binary ir-
reducible cyclic codes. We show that the weight distribution of
the duals of binary irreducible cyclic codes is totally determined
by the cyclotomic numbers of certain order. This demonstrates
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again that cyclotomy could be quite useful in studying certain
codes (see [11], [10], [12] for some recent applications of cyclo-
tomy in coding theory). As a byproduct, we describe a class of
double-error correcting codes obtained from some of the duals
of binary irreducible cyclic codes. We also present a number of
open problems on these codes.

II. A CYCLOTOMIC APPROACH TO THECODES

Let be a primitive element of GF , and let
, where the integer with divides

. We use to denote the minimum polynomial of
over GF .

Lemma 1: Let denote the order of modulo . Then
.

Proof: Consider the cyclotomic coset modulo con-
taining

where is the least positive integer such that

Note that . Obviously, if
and only if . Hence, . It follows
that

The conclusion then follows.

Clearly, as all the roots of are roots of
. Define

GF

As usual, we identify a vector

GF

with the polynomial

Consider the binary cyclic code of lengthdefined by

This code is cyclic and generated by the irreducible polynomial
. Also . Hence,

is self-complementary. As usual, let denote the number
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of codewords of Hamming weightin the code . Since is
self-complementary, for each .

Let GF be the splitting field of over
GF and let . Define

where is the trace function from GF to
GF . is called anirreducible cyclic codewith length
and dimension . It is easy to prove that and are
duals of each other.

Proposition 2: The code has parameters
, i.e., length , dimension , and minimum

distance .
Proof: It is clear that if and only if .

Then by Lemma 1, the dimension of is . Since
the multiplicative order of is , the minimum distance
of the code is at least.

Proposition 3: If an integer divides , then the min-
imum distance of is at most .

Proof: Note that gives

Thus, has a codeword of weight.

Let be the multiplicative subgroup of generated by
. Define to be the cosets for allwith

. These are called thecyclotomic classesof order
. Thecyclotomic numbersof order are defined as

where and .

Theorem 4: The code has parameters
if and only if .

Proof: If has a codeword of weight, then

for three integers . Therefore,

Hence, and . On the
other hand, if , then and

for some . Hence, has a codeword of weight.

In the case , we are interested in determining the
number of codewords of weight in .

Theorem 5: If , then for the
cyclic code we have

Proof: Set . Then for any

if and only if there is an with such that
. Such a is called a cyclotomic triple.

Obviously, if is a cyclotomic triple, so is . In
view of this, we now consider only cyclotomic triples
with .

Two cyclotomic triples and are called
equivalentif the triple is some cyclic shift of

for some integer , where these additions
are modulo . Clearly, this is an equivalence relation among the
set of cyclotomic triples.

If is a cyclotomic triple, so are

In fact, the three form an equivalence class, denoted . It
is easy to check that

if and
otherwise.

Each codeword

of weight in gives a unique cyclotomic triple
, where . On the other hand,

if , the equivalence class gives
different codewords of weight

where , and this equivalence class contributes
exactly to the cyclotomic number .

If , then gives

Hence in this case and is indeed a
cyclotomic triple, and the equivalence class has
only one element. Note that the triple contributes
exactly to the cyclotomic number and gives dif-
ferent codewords of .

We use to denote the codewords of weightof
the form . It is easily seen that

if the cyclotomic triples and are not equiv-
alent. Hence, in the case , we have

In the case ,

The proof of Theorem 5 also proves the following conclusion.
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Corollary 6: Let be even and let . Then
the cyclotomic number and the cyclic code has
parameters with

Remark: It is easily seen that is a
code, which is equivalent to the Hamming
code. So we are interested only in the case .

It is possible that the minimum distanceof is . One nat-
ural question is whether it is possible in this case to express the
total number of codewords of weightin terms of cyclotomic
numbers of order. The answer is positive. We give such an ex-
pression later in Theorem 8.

Lemma 7: The number of solutions of
the equation

(1)

in GF is given by

where the satisfy the following system of equations:

and the are cyclotomic numbers of order.
Proof: Let denote the cyclotomic classes of order.

Note that

where

and are called theGaussian periods. We now prove that these
satisfy the system of equations in the theorem.
We define for each the multiset

where an element appears in as many times as
takes on the value. We now calculate in
two different ways.

First, is partitioned into two parts, and
, where

GF

Define . Then . It follows
that

Second, by the definition of cyclotomic numbers and classes,

for all

Thus, each element of appears in exactly
times, where denotes the cyclotomic number of
order . It follows that

It is easily seen that for each . Therefore,
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for all with . In addition

Define now for each ordered pair with the mul-
tiset

We similarly compute in two different
ways.

On the one hand

On the other hand, each element of appears in
exactly times. It follows that

This completes the proof.

Theorem 8: If has minimum distance , then

Proof: By Lemma 7, the number of the solutions to

(2)

in GF is

However, some solutions of (2) correspond to a codeword of
weight , others do not give such a codeword.

To determine the number of codewords of weight , we
divide the solutions of (2) into the following disjoint classes.

A) Those with , , , and being pair-
wise distinct.

B) Those with
• and ,

;
• and ;
• and ;
• and ,

;

• and ;
• and ;
• and ,

;
• and ;
• and .

The total number of solutions within class B) is

C) Those with
• ;
• .

The total number of solutions within class C) is .
The total number of solutions of classes C) and B) is

thus

No solution in Class B) or C) yields a codeword of
weight .

If is a solution of class A), then each is
nonzero (since ), and
is also a solution for any , and any permutation
of the coordinates of is also a solution. These

solutions give the same codeword of weight. On the other
hand, any codeword of weightgives solutions. Hence, the
number of solutions in class A) is . Hence,

The conclusion then follows.

Corollary 9: If the minimum distance and

(3)

then .
Proof: By definition, must be odd. Hence,

The conclusion then follows from Theorem 8.

If one can prove that the minimum distanceof some is
at least , Corollary 9 could be used to show thatis exactly .

Theorem 10: If has minimum distance then

Proof: A slight extension of the proof of Theorem 8 yields

On the other hand, by Theorem 5 we have . The
conclusion then follows.
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Theorem 11: If has minimum distance then

Proof: Similarly to the proof of Theorem 8, we can obtain

The conclusion then follows.

III. T HE CODES WITH FOR SOME

The following result is due to Baumert, Mills, and Ward [2]. It
seems that the determination of the cyclotomic numbers of order
, where , is equivalent to that of the weight distribution

of the binary semiprimitive irreducible cyclic codes.

Lemma 12: Let with and let
, where divides for some

and . Then

for
for

where , , and the sign is determined by
. In addition, there is an integer

such that , and for any other . Here the
’s are the Gaussian periods defined earlier.

Theorem 13:Let with and let
, where divides for some

and . Then has parameters

1) if ;

2) if .

In both cases

where and are defined as in Lemma 12.
Proof: Since , we have .

If , then . If , then
. But divides . Hence, in this case,

. Therefore, the conclusions about the dimension
of then follow from Proposition 2.

By Lemma 12

where . If

then , and so has minimum distance by
Theorem 4. If

then

Hence divides , and so . But then

with or , and this is a contradiction to and
. Hence the minimum distance is always .

The formula for then follows from Theorems 4 and 5 and
Lemma 12.

For the special case , we have the following result,
which may be known.

Corollary 14: If , then the code has parameters
with only two codewords . If

is even, then the code has parameters

with

if

if

and .
Proof: It follows from Lemma 12 and Theorem 13.

Example 1: Let . Then has parameters .
The best binary linear codes known with lengthand dimen-
sion have minimum distance [4].

Let . Then has parameters . The best
binary linear codes known with length and dimension
have minimum distance [4].

As mentioned earlier, the weight distribution of several
classes of irreducible cyclic codes is known. By using the
MacWilliams identity, the weight distribution of the dual code
is also known in principle. However, it could even be hard in
practice to determine the minimum distance of the dual code,
not to mention other weights. To justify this, we look at the
following example.

Let divide . In this case, is called asemiprimitive
codeand has parameters

In fact, is a two-weight code with weight enumerator
[1], where
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By the MacWilliams identity, the weight enumerator of
is

It is possible to find the coefficients of and prove that
has minimum distance. But the expression for is quite
complicated.

IV. THE ZETTERBERGCODES

Let . Then is the Zetterberg code
[23]. In this case, and . Zetterberg
[23] proved that the minimum distanceis at least . Here we
point out that or , and show that in certain cases

exactly.
Before looking at the Zetterberg codes, we prove the fol-

lowing general result.

Lemma 15: As before, let . If divides for
some positive integer, then has no codewords of weight.

Proof: Let . Then and thus .
Assume there is a codeword of weight. Then there are three
distinct integers such that

(4)

Whence

which gives

(5)

Multiplying both sides of (5) with yields

(6)

Note that . It follows from (6) that

(7)

Combining (4) and (7) yields

Hence,

(8)

By symmetry, we have

(9)

Combining (8) and (9) gives

which contradicts the fact that . Thus, has no
codeword of weight .

Theorem 16: If , then has parame-
ters

with

and

If , then has parameters

Proof: First of all, divides if and only if
. We now determine the cyclotomic number

. Suppose that . Then there are
two distinct integers and with such that

It follows that

which gives

Hence,

Multiplying both sides with yields

By symmetry

Thus, and both are solutions over GF of the equa-
tion

Hence, they are multiplicative inverses of each other and hence
.

On the other hand, . Hence

and

Note that and . The only possible
solutions are

and
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and

and

Hence, there is no solution if , and there are ex-
actly two solutions

and

if . Hence,

if
otherwise.

By Theorem 5, if , then has parameters

with . Otherwise, the minimum distance
satisfies by Theorem 4. By Lemma 15, we have .

We now prove that for . Note that the
length of the code is and

due to . Since has dimension , the sphere-packing
bound implies . Hence, or .

Example 2: Let . Theorem 16 gives a
binary cyclic code. The best binary linear codes known with
length and dimension have minimum distance [4].

Let . Theorem 16 gives a binary cyclic
code. The best binary linear codes known with lengthand
dimension have minimum distance [4].

The following result is a consequence of Proposition 3 and
Theorem 16.

Corollary 17: Let . Then has pa-
rameters

Example 3: Let . Corollary 17 gives a
binary cyclic code. The best binary linear codes known with
length and dimension have the same minimum distance
[4].

V. SOME CODES WITH

Lemma 18 [16, Example 6.38]:Let denote the number
of solutions GF of the diagonal equation

Then

Theorem 19:The code has minimum distance if

Proof: Let and consider the solutions of

(10)

over GF . By Lemma 18

Note that (10) has solutions of the form and .
Any solution of other forms gives a codeword of weightin .
Hence, as long as

must have a codeword of weight. The conclusion then
follows.

Remark: This theorem shows that must have minimum
distance if . So it is a useful and general result.

The following theorem gives a class of codes with minimum
distance .

Theorem 20:Let with an integer ,
, and . Then has param-

eters

Proof: We first prove that . It is easily seen
that

On the other hand, . By the Chinese
Remainder Theorem

This proves the dimension of this code. Finally, it follows from
that (see Propositions 2 and 3).

Remark: Theorem 20 is related to [7, Proposition 5 and The-
orem 5] in the sense that they all involve exponents of the form

. The difference is that our code of Theorem 20 has
a length of the form , while the code in [7,
Theorem 5] has length of the form . So the code of The-
orem 20 and the code in [7, Theorem 5] must be different.

We now describe another class of codes. Let and
be integers and let . In this case, we write

, where and .

Theorem 21:For any , the code has parameters

Proof: Recall that . We first prove that
. Note that divides . So

Hence . On the other hand, divides
. It follows that .
The proof of is carried out by distinguishing the two

cases and . We first prove that for the case
.
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By Proposition 2 we have . To prove , it suffices
to prove that has a codeword of weight. We first prove
that there is an element GF such that the polynomial

is irreducible over GF . To this end, we define for each
GF the set

GF

It is easily proved that if . On the other
hand, neither nor belongs to for any GF . In
addition, for any , .
Hence,

GF

Therefore, for at least one GF we have . This
means that is irreducible over
GF .

Now suppose that is irre-
ducible over GF . Let be a root of in GF . Then

are all the roots of in GF . Hence, the
norm of is

(11)

We now define another polynomial

Since is irreducible over GF , so is . Clearly,
is a root of , as is a root of . Thus,

(12)

where . By (11) and (12) there are two integersand
such that

where is the primitive element of GF . Then we have

This gives a codeword of weightin . This completes the
proof of for the case .

When , it follows directly from Theorem 19 that .

Theorem 22:Let be an odd positive integer such that
. Define and

and . Then has parameters

In particular, we have the following results.

1) If , odd, then has parameters

2) If , even, then has parameters

Proof: Since , by the Chinese Remainder
Theorem

Hence, has dimension by Proposition 2. Because
divides , has minimum distanceby Propositions 2 and 3.

If and is odd, then
and . If and is even, then

and . Then the
conclusion for the two special cases follows.

Theorem 23:Let and be integers with
. Define , , and

. Then the code has parameters

Proof: Clearly, . Hence, by the
Chinese Remainder Theorem

This proves the dimension of . Since divides , we have
by Propositions 2 and 3.

Similar to Theorem 23, we have the following result.

Theorem 24:Let and be integers with odd.
Define , , and

. Then the code has parameters

VI. SOME CODES WITH LENGTH OFSPECIAL FORMS

As before, let . As shown before, if , then the
minimum distance of must be . Thus, is a
necessary condition for . Intuitively, this is not a sufficient
condition. In this section, we describe several classes of codes

whose minimum distance is at least.

Theorem 25:Let , where for
some integers . If , then
the code has parameters .

Proof: By Proposition 2 we have . We need only
to prove that . Assume that . Then there are two
distinct integers and such that

Define . It follows that and thus

Hence, , which leads to . It fol-
lows that

and
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Note that . We have

Hence , which is a contradiction to .
Thus, .

Corollary 26: Let and be
positive integers with . Define

and

Then the code has parameters

Proof: It can be proved that . The conclu-
sion then follows from Proposition 3 and Theorem 25.

If , the codes of Corollary 26 have indeed minimum
distance by Lemma 15. The following open problem would
be interesting.

Open Problem 1:Prove or disprove that all the codes of
Corollary 26 have minimum distance. In addition, determine

.

Theorem 27:Let , where for
some integers . If , then the
code has parameters .

Proof: By Proposition 2 we have . We need only
to prove that . Assume that . Then there are two
distinct integers and such that

Define . It follows that and thus

Hence, . It follows that .
Since

we get . This is a contradiction to .
Thus, .

Corollary 28: Let and , and
let both and be positive integers with .
Define and . Then the
code has parameters

Proof: Under the given conditions, it can be proved that
divides . The conclusion then follows from Proposition 3 and
Theorem 27.

Theorem 29:Let with an even integer and let

The has parameters .
Proof: Similarly to the proof of Theorem 20, we can prove

that . This proves the dimension of this code.

Since is even, we have . It then follows
from Theorem 27 that . By Lemma 15 we get . For

it can be checked that

By the sphere-packing bound, .

Example 4: Taking and in Theorem 29, we
obtain two codes with parameters

and

respectively.

Open Problem 2:Determine or establish better bounds for
the minimum distance of the codes of Theorem 29.

The proof of the following theorem is similar to that of The-
orem 27.

Theorem 30:Let , where
for some integers . If , then
the code has parameters .

Corollary 31: Let and be positive integers. Define

and

Then the code has parameters

if

1) and or

2) and .

Proof: It can be proved that . The conclu-
sion then follows from Proposition 3 and Theorem 30.

Open Problem 3:Determine the minimum distance of the
codes of Corollary 31. In addition, determine .

VII. SOME SPECIAL CLASSES OFCODES

Let be a prime. Then divides . We now
consider the finite field GF , where . Let

, where and . Then, the code
has parameters . This forms a subclass
of codes with prime length.

Theorem 32: If is a Mersenne prime, i.e., of the form
for some , then is equivalent to a

Hamming code.

The proof of Theorem 32 is straightforward. The theorem
shows that the class of codeswith does contain codes
equivalent to Hamming codes.

Theorem 33:Let be a Fermat prime, i.e., of the form
for some . Then has parameters

Proof: It can be easily proved that has no codeword of
weight . The proof of Theorem 16 also applies to the proof of

.

Theorem 34:Let be a prime with
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Then has parameters and
is a quadratic residue code.

Proof: Since , there are
only two nonzero cyclotomic classes. Hence,

, where is an irreducible polynomial of
degree over GF . The code must have generator
polynomial or , and thus must be a quadratic
residue code. Thus, we have the square-root bound for the
minimum distance.

This theorem shows that the class of codescontains also
some quadratic residue codes. When , we have a
quadratic residue code, which is equivalent to the Golay
code.

VIII. D OUBLE-ERRORCORRECTINGCODESFROM

As shown earlier, some codes have minimum distance
and may not be optimal linear codes. In this section, we use
some of them to construct some optimal double-error correcting
codes.

Let and be positive integers. If there is a positive integer
such that , the smallest such is called the
negative order (negord) ofmodulo , and is denoted
[8, p. 46].

An integer may have a negord modulo an integeror not.
For example, and have no negord
modulo , but and have the negord.

Let be a positive integer. If an integer, where
and , has the negord modulo, then [8, p. 46]

Let be an integer such that and exists. In
this case, must be odd. Define .
Then, is an cyclic code. Since and

, and both are
codewords of , and thus

is a codeword of with weight . By definition, divides
. It follows from Lemma 15 that has no code-

word of weight .
Let denote the even-weight subcode of. Then is a

cyclic code with parameters code. Let
denote the punctured code obtained by deleting the last

coordinate of all the codewords in . We have then proved
the following conclusion.

Theorem 35: is a linear code with parameters

Some of the codes in Theorem 35 have the following param-
eters:

Those with the mark are the best codes known and are optimal
in the sense that their dimension cannot be increased, given the

TABLE I
PARAMETERS OF THECODESSTUDIED IN THIS PAPER

minimum distance and length. However, it is clear that some
of the codes in Theorem 35 are bad.

The following is a special case of Theorem 35.

Corollary 36: Let , where is odd. Then
is a linear code with parameters .

The codes in Corollary 36 are optimal in the sense that
the dimension is maximal with respect to the length and
minimum distance. The smallest three codes have parameters

and .

IX. SUMMARY AND CONCLUDING REMARKS

In this paper, we have demonstrated that the weight distribu-
tion of the codes is, in principle, determined by the cyclo-
tomic numbers of certain orders or the corresponding Gaussian
periods. We determined the minimum distance of a number of
classes of codes and showed that the codes contain cer-
tain classes of known good codes such as some quadratic residue
codes. The parameters of the special classes of codes studied in
this paper are summarized in Table I. It is noted that for certain
classes of codes , determining the dimension could be very
hard as it needs the determination of cyclotomic polynomials.
We have studied only several special classes of codes. Much
work in this direction needs to be done. In Section VIII, we de-
scribed a class of double-error correcting codes which contains
some subclass of optimal codes. We mention that the purpose
of this paper is to study the parameters of some codes, not
to search for optimal codes. We draw the reader’s attention to
the recent work of Charpin, Tietäväinen, and Zinoviev on cer-
tain binary cyclic codes with small minimum distance and large
dimension [6]. Finally, information about the weight enumera-
tors of cyclic codes may be found in Charpin [5], Honkala and
Tietäväinen [15], and Pless, Huffman, and Brualdi [21].
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