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Cyclotomic Optical Orthogonal Codes
of Composite Lengths

Cunsheng Ding and Chaoping Xing

Abstract—Optical orthogonal codes (OOCs) have applications
in optical code-division multiple-access communications systems
and other wideband code-division multiple environments. They
can also be used to construct protocol sequences for multiuser
collision channel without feedback, and constant-weight codes
for error detection and correction. We have given a cyclotomic
construction of several classes of (2 1 2) OOCs recently.
The purpose of this paper is to present five classes of ( 1 2)
OOCs, and thus five classes of binary constant-weight cyclic codes,
where is a power of an odd prime.

Index Terms—Code-division multiple access (CDMA), collision
channel without feedback, constant-weight codes, optical orthog-
onal codes (OOCs).

I. INTRODUCTION

OPTICAL orthogonal codes (OOCs) were proposed for
application in optical code-division multiple-access

(CDMA) communication systems (see, e.g., [4], [9], [11],
[15]). OOCs can also be used in other wideband CDMA
environments [4]. OOCs are also called cyclically permutable
constant-weight codes in connection with constructing protocol
sequences for multiuser collision channels without feedback
(see [1]).

So far, a number of families of OOCs have been constructed,
see, e.g., [1]–[4], [8], [13], [14], and [16]. Some combinatorial
constructions for ( ) OOCs can be found in [2] and [17].
Recently, we have constructed several classes of ( )
OOCs using cyclotomy [6]. The purpose of this paper is to
present five classes of ( ) cyclotomic OOCs, and thus,
five classes of binary constant-weight cyclic codes, where is
a power of an odd prime. Both this paper and [6] employ cyclo-
tomy as the tool for the construction of OOCs, but the parity of
makes a big difference in the underlying cyclotomy over ,
and thus, in the OOCs of this paper and those of [6]. The codes
constructed in this paper do not meet the bound in [4], but are
the best codes known with their parameters.

According to [4], OOCs for applications in optical CDMA
communication systems have the property that each codeword
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has many more 0’s than 1’s. The OOCs described in this paper
have also this property.

II. PRELIMINARIES

An ( ) OOC is a family of (0,1) sequences of length
and weight which satisfy the following properties.

1) The autocorrelation property: for any
and any integer , .

2) The crosscorrelation property: for any
and any integer .

Throughout this paper, denotes the
ring with respect to the integer addition modulo and integer
multiplication modulo . For any binary sequence of length ,
we define , and call the characteristic
set of . On the other hand, for any subset of , we define
a sequence as if and only if , and call the
characteristic sequence of the set . Clearly, the weight of
equals . In terms of the characteristic set, the foregoing two
correlation properties become the following.

1) The autocorrelation property:

(1)

for any and any integer , , where
.

2) The crosscorrelation property:

(2)

for any and any integer .
The research focus has been on periodic correlation, i.e., the

subscripts are reduced modulo whenever necessary. Since
each sequence has weight , the autocorrelation equals

when . To avoid triviality, we require that
throughout this paper. The (0,1) sequences of an OOC are
called its codewords. The size of an OOC, denoted by , is
the number of codewords in it.

III. THE ( ) OOCS

To construct the cyclotomic OOCs, we need cyclotomic
classes and numbers with respect to the finite field ,
where is a prime power.

Let be a power of an odd prime, where and
are positive integers. Let be a primitive element

of . We consider cyclotomic classes of order ,
which are defined as [5, Ch. 4]
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where denotes the multiplicative group generated by .
Each cyclotomic class has elements. The cyclotomic
numbers of order are defined as

Every nonzero element of is a power , where
. The index of an element with respect to , denoted

as , is defined to be . As before, let ,
and let be the cyclotomic classes of order . We now
define for each with .
Then is a subset of with elements, and these

are pairwise disjoint.
The idea is to use the sets to construct OOCs by em-

ploying them as the characteristic sets of the codewords. Let
be the characteristic sequence of for each , where

. Define

(3)

This is a ( ) OOC with size , where is
a constant that will be determined in the sequel.

To determine the above, we need to calculate
according to (1) and (2).

For any , assume that
and , where and .
Then for any and , we have

(4)

Note that the sets are pairwise disjoint. By (4), the min-
imal , such that (1) and (2) hold, is equal to the maximum cy-
clotomic number of order .

We remark that the cyclotomic approach to the construction
of OOCs in this paper and [6] is quite different from the one used
in [7]. In this paper, we use the index of linear transformation of
cyclotomic classes to construct OOCs, while cyclotomic classes
are used directly for the construction in [7]. The construction of
OOCs described in this section is inspired by an approach to the
construction of binary sequences with optical autocorrelation
properties described in [12].

A. Class of ( ) OOCs

Throughout this subsection, let be a power of an
odd prime, where .

Lemma 1: For cyclotomic numbers of order , we have
for all pairs .

Proof: When is prime, the conclusion of this lemma was
proved in [7]. The proof given in [7] also applies to the general
conclusion of this lemma.

Theorem 1: When , the set defined in (3) is a (
) OOC with size .

Proof: It follows from (1), (2), (4), and Lemma 1.
Example 1: Consider . The cyclotomic

classes of order 3 defined by the primitive root 2 are

They give a (13,4,2) OOC with size 3, according to the construc-
tion given in [7].

Note that

The sets and give a (12, 4, 2) OOC with size 2
according to the construction of this paper.

B. Class of ( ) OOCs

Throughout this subsection, let , where
and is an odd prime and is some positive integer. Let

and the cyclotomic classes of order be defined as before.
Let , where and .

Lemma 2: If , then .
Proof: The proof is given in the Appendix at the end of

this paper.
Lemma 3: Let . For the cyclotomic numbers of order

, we have the following results.

1) When , if takes on one of
the following pairs:

and for all the rest .
2) When , if takes on one of

the following pairs:

and for all the rest . Here the
arithmetic on is that of the residue class ring .

Proof: When is a prime, the conclusion of this lemma
was proved in [7]. The proof given in [7], together with Lemma
2, can be used to prove the more general conclusion of this
lemma.

Theorem 2: When and , the set defined in
(3) is a ( ) OOC with size .

Proof: It follows from (1), (2), (4), and Lemma 3.
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Example 2: Consider the case . In this
case, . Note that 7 is a primitive root modulo 41. The
cyclotomic classes of order 8 with respect to 41 are

These eight cyclotomic classes give a (41, 5, 2) OOC with size
8 according to the construction of [7]. It can be checked that

The sets give a (40, 5, 2) OOC with size 7 according to
the construction of this paper. By adding all the shifted versions,
we obtain a (40, 328, 6) binary code of size 328, length 40,
minimum distance 6, and constant weight 5.

C. Class of ( ) OOCs

Throughout this subsection, let , where
and is an odd prime. Let be a generating element of
, and let the cyclotomic classes of order be defined as

before.
Lemma 4: If , each cyclotomic number of

order is, at most, two.
Proof: When is prime, the conclusion of this lemma was

proved in [7]. The proof given in [7] also applies to the general
conclusion of this lemma.

Theorem 3: When and , the set defined in
(3) is a ( ) OOC with size .

Proof: It follows from (1), (2), (4), and Lemma 4.
Example 3: Consider the case and . Note

that 2 is a primitive root modulo 37. The cyclotomic classes of
order 6 defined by this primitive root are

They give a (37, 6, 2) OOC with size 6 according to the con-
struction of [7].

It is easily checked that

The five sets give a (36, 6, 2) OOC with size 5 according
to the construction of this paper. By adding all the shifted ver-
sions of each codeword defined by , we obtain a binary
(36, 180, 6) code with length 36, size 180, minimum distance 8,
and constant weight 6.

D. Class of ( ) OOCs

Throughout this subsection, let , where
and is an odd prime. Define

It was proved in [7] that and if . Let the
cyclotomic classes of order be defined as before.

Theorem 4: When and ,
if takes on one of

and for all the rest . Here the arith-
metic on and is that of the residue class ring .

Proof: When is a prime, the conclusion of this theorem
was proved in [7]. The proof given in [7] also applies to the
general conclusion of this theorem.

Theorem 5: When and and ,
the set defined in (3) is a ( ) OOC with size .

Proof: It follows from (1), (2), (4), and Theorem 4.
Example 4: Consider . Note that 7 is

a primitive root modulo 71. The cyclotomic classes of order 10
defined by this primitive root are



266 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 52, NO. 2, FEBRUARY 2004

These 10 cyclotomic classes give a (71, 7, 2) OOC with size 10
with respect to the construction of [7], and a binary (71, 710,
10) code with length 71, size 710, minimum distance 10, and
constant weight 7 [7].

It can be checked that

These nine sets give a (70, 7, 2) OOC with size 9 according to the
construction of this paper. By including all the shifted versions
of all the codewords of this OOC, we obtain a binary (70, 630,
10) code with length 70, size 630, minimum distance 10, and
constant weight 7.

E. Class of ( ) OOCs

Throughout this subsection, let , where
and is an odd prime. Define

It can be proved that and if .
Theorem 6: If and , then
if takes on one of

and for all the rest . Here the arith-
metic on and is that of the residue class ring .

Proof: When is a prime, the conclusion of this theorem
was proved in [7]. The proof given in [7] also applies to the
general conclusion of this theorem.

Theorem 7: When and and ,
the set defined in (3) is a ( ) OOC with size .

Proof: It follows from (1), (2), (4), and Theorem 6.

Example 5: Consider the case . Note
that 3 is a primitive root modulo . The cyclotomic classes of
order 14 defined by this primitive root 3 are

These cyclotomic classes form a (113, 8, 2) OOC with size 14
according to the construction of [7]. By including all the shifted
versions of the codewords in the OOC, we obtain a (113, 1582,
12) binary code with constant weight 8 [7].

It can be checked that

These 13 sets give a (112, 8, 2) OOC with size 13 with respect
to the construction of this paper. By including all the shifted
versions of the codewords of this OOC, we obtain a binary (112,
1456, 12) code with length 112, size 1456, minimum distance
12, and constant weight 8.

IV. CONCLUDING REMARKS

For a given set of values of , , and , the largest possible
size of an ( ) OOC is denoted by . A general
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upper bound on described in [4] is derived from the
Johnson bound for constant-weight codes and states that

(5)

When , bound (5) becomes

(6)

There are many constructions of ( ) OOCs meeting bound
(6). These OOCs are said to be optimal with respect to bound
(6). Thus bound (6) is tight for .

When , bound (5) becomes

(7)

The only known OOCs meeting bound (7) are the
( ) OOCs derived from projective geom-
etry and constructed in [3]. Note that in those OOCs, we have

So increases when does and is in the order of the square
root of . This means that must be large if is large.

Note that constructing good ( ) OOCs are more or
less straightforward. So we are not interested in ( ) OOCs
here, and consider ( ) OOCs for . We conjecture
that bound (7) is not tight for small ’s with . We now
assume that is a fixed large integer, and consider bound (7).

Clearly, for fixed , bound (7) increases when decreases,
and decreases when increases. In order to make this bound
small and easy to meet, should be as large as possible. How-
ever, if is large, it is hard to satisfy the autocorrelation and
crosscorrelation conditions for (see the beginning of Sec-
tion II). If is small, it is easy to meet the autocorrelation and
crosscorrelation requirements for . However, in this case
bound (7) is large and may be hard to meet. Hence, in order to
meet bound (7), should be neither small nor large compared
with . This is an intuitive argument, not a rigorous proof. It is
meant as an evidence for conjecturing that bound (7) is not tight
for small .

For the OOCs of Section III-D we have the conditions that
and . The second condition is necessary

because we need cyclotomic classes of order 7 to construct the
OOCs. The first one ensures that every cyclotomic number of
order 7 is, at most, two, and thus, the autocorrelation and cross-
correlation requirements for are met. This explanation
also holds for the conditions for the constructions in other sec-
tions.

APPENDIX

PROOF OF LEMMA 2

It was proved in [7] that when is a prime
no less than 13. The proof given in [7] also proves that

when with . It remains to be proved
that .

We first prove that by contradiction. Suppose that
. We have then . Note that

. We obtain

Case 1: : In this case, we have

(8)

Note that . It follows that . This is con-
trary to the primitivity of .

Case 2: : In this case, we have

Hence, . Note that . It
follows that . Hence, . Applying this
to yields . This is
impossible, as .

Case 3: : In this case, we have

Hence, . Note that .
It follows that . Hence, . Applying this
to yields . This is
impossible, as .

Case 4: : In this case, we have

Note that . It follows that . This is con-
trary to the primitivity of .

Case 5: : In this case, we have

(9)

Multiplying (9) with gives

(10)

It follows from (9) and (10) that . This
equation yields

(11)

It follows from (9) and (11) that . This is impossible.
Summarizing the five cases above proves that .

Suppose that . We have then
. Note that . We obtain

When ranges over , also ranges
over this set. So the proof above for also proves that

.
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