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It is true that the Knudsen number that characterizes gas flows in microchannels increases to a finite value
as the geometric dimension is reduced. However, since the gas in such a flow may retain a small mean free path
and a small mean molecular spacing, the gas can still be rather dense in microdevices. Gas flows in micro-
channels have mainly been studied by molecular dynamics and direct simulation Monte Carlo methods.
However, both methods are computationally expensive. In this work, we study dense gas flows in microchan-
nels using an Enskog equation-based lattice Boltzmann Bhatnagar-Gross-Krook model. It is found that a dense
gas flowing through a microchannel behaves different than a dilute gas under the same flow conditions.
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I. INTRODUCTION

Gas flows in microchannels have been receiving increased
attention over the last decade �1,2� with the rapid develop-
ment of microfabrication technologies. It is found that a gas
flowing through a small-sized device exhibits some unusual
dynamic behaviors, and the conventional Navier-Stokes
equations with the nonslip boundary condition fail to give an
accurate description �1,2�. The deviation of gas flows in mi-
crochannels from the flows in macrochannels is usually char-
acterized by the Knudsen number, defined as Kn= l /h, with l
and h representing the mean free path and the characteristic
length of channel, respectively. In the literature, many stud-
ies assume that gas flows in microchannels are dynamically
similar to rarefied gas flows at high altitudes, if both flows
have the same Knudsen number �1�. Based on this assump-
tion, gas flows in microchannels are divided into four flow
regimes: the continuum flow regime �Kn�0.01�, the slip
flow regime �0.01�Kn�0.1�, the transitional flow regime
�0.1�Kn�10�, and the free molecular flow regime �Kn
�10�, just as those for rarefied gas flows at high altitudes
�3�. However, this basic assumption for gas flows in micro-
channels may be questionable as discussed in the following.
In fact, in a general gas system, two other characteristic
lengths should also be considered: the molecular diameter �
and the mean molecular spacing �. The ratio of these two
lengths is a criterion to judge whether the gas is dilute or
dense. For instance, it has been shown �4� that when � /�
�1/7, the gas can be regarded as sufficiently dilute and its
dynamics can be described by the Boltzmann equation �2,5�
while when � /��1/7, the gas is so dense that its dynamics
should be described by the kinetic equations for dense fluids,
e.g., the Enskog equation �5�. Kinetic theory also shows that
the mean molecular spacing and mean free path are related to
the gas density as �1�

� = ��/m�−1/3 �1�

and

l =
m

�2���2
, �2�

where � is the gas density and m is the mass of gas molecule.
For rarified gas flows at high altitudes, since the gas density
is rather low, the mean free path can increase up to being
comparable to or even higher than the macroscopic scale
length, and the mean molecular spacing becomes much
larger than the molecular diameter ���. Therefore, in es-
sence, rarefied gas flows at high altitudes are the dilute gas
flows with a finite Knudsen number. However, this is not
always true for gas flows in microchannels. It is known that
the Knudsen number increases to a finite value as the chan-
nel’s dimension is reduced, but the mean free path and mean
molecular spacing can still be very small, �l ,����. This
indicates that the gas in microchannels can be rather dense.
In this case, a simple treatment of gas flows in microchannels
as rarefied gas flows is questionable as the gas is not dilute.
Therefore, the study of dense gas flows with a finite Knudsen
number is needed.

Various numerical methods have been employed to study
gas flows with a finite Knudsen number, such as the direct
simulation Monte Carlo �DSMC� method �6–8�, the informa-
tion preservation method �2�, and the gas kinetic scheme �9�.
Recently, the lattice Boltzmann method �LBM�, a novel and
simple mesoscopic approach, has received particular atten-
tion in the study of gas flows in microchannels. In the litera-
ture, a number of papers on gas flows in microchannels using
the LBM have been reported �10,12–18�. The first lattice
Boltzmann Bhatnagar-Gross-Krook �LBGK� model was pro-
posed by Nie et al. in 2002 �10�. In their model, they related
the Knudsen number Kn with the dimensionless relaxation
time � as Kn=a��−0.5� / ��h�. a is an adjustable numerical
parameter, whose magnitude is determined by the compari-
son of the numerical results obtained by the LBGK model
with experiment data. Moreover, they directly applied the
bounce back rule to model the slip effect between gas mol-
ecules and solid wall. It is known that such a mesoscopic
boundary condition corresponds to the macroscopic no-slip
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boundary condition. Some studies have shown that the slip
presented in Ref. �10� is the numerical error of the bounce
back rule, different from the actual physical slip �11,14�. Al-
most at the same time, Lim et al. �12� developed another
LBGK model, in which Kn is related to � by assuming that
the rate of gas molecules relaxing toward equilibrium is
equal to the speed at which the gas molecules travel a grid
spacing 	x within a time interval 	t. In their work, Lim et
al. discussed the numerical results with the specular reflec-
tion boundary condition and the extrapolation boundary con-
dition, respectively. To gain a more accurate prediction, the
later LBGK studies focused on modifying the boundary con-
dition: Succi �13� proposed a mixed boundary condition
combining the bounce back rule with the specular reflection
scheme; Lee and Lin �14� devised a wall equilibrium bound-
ary condition to model the interaction between gas molecules
and fully diffusive reflected walls; Ansumali and Karlin �15�
developed a discrete kinetic boundary condition based on the
Maxwell’s diffusion reflection boundary condition in kinetic
theory. Tang et al. �16� later combined this kinetic boundary
condition with the specular reflection boundary condition to
simulate the micro-Couette flow, the micro-Poiseuille flow,
and the microcavity flow. Recently, Guo et al. �17� studied
systemically the applicability of the present LBGK models
for gas flows in microchannels, and developed a LBGK
model with consideration of the wall effect on the relaxation
time; Kim et al. �18� constructed one model in which they
introduced two relaxation times to give rise to two different
viscosities in the Knudsen layer and the bulk flow region,
respectively. The basic idea of this two-relaxation time
LBGK model is that although being quite different from the
bulk flow, the flow in the Knudsen layer may still be de-
scribed by the conventional Navier-Stokes equations pro-
vided that the fluid properties are appropriately specified.
Nevertheless, their model involves many unknown param-
eters. Determination of these parameters requires knowing
the flow details beforehand. Therefore, their model is useful
for some particular simple flows, e.g., the Poiseuille flow,
which has already been well solved by other theoretic and
numerical studies �19�. Different as the details in these
LBGK studies are, previous studies show that the lattice
Boltzmann method can give a fairly good description of gas
flows in the slip flow regime, and may qualitatively capture
the fundamental flow behaviors in the transitional flow re-
gime.

On the other hand, it should be pointed out that these
existing LBGK studies are limited to dilute gas flows with a
finite Knudsen number, as they are based on the Boltzmann
equation �20,21�. To gain a deeper insight of gas flows in
microchannels, it is essential to develop a LBGK model for
simulation of dense gas flows with a finite Knudsen number.
To this end, in this paper, we present a finite difference
LBGK model based on the Enskog equation for dense gas
flows in microchannels in the slip flow regime. The proposed
model is developed from our recent work �22�. Unlike those
Boltzmann equation-based models, the model takes account
of the dense effect due to the finite size of gas molecules. It
not only gives the equation of state and transport properties,
but also recovers the original expression of viscosity in terms
of the Knudsen number in kinetic theory of dense gases.

The rest of the paper is organized as follows. In Sec. II,
we first briefly review the basic results of dense gases re-
sulted from kinetic theory. In Sec. III, we present the finite
difference Enskog equation-based lattice BGK �ELBGK�
model for dense gas flows in microchannels. In Sec. IV, nu-
merical simulations of gas flows with different Knudsen
numbers and length ratios, � /�, are performed, and the nu-
merical results are analyzed and discussed. Finally, some
conclusions are drawn in Sec. V.

II. KINETIC THEORY FOR DENSE GASES

As the mean molecular spacing of a gas is reduced and
becomes comparable to its molecular diameter, the gas sys-
tem is dense and the Boltzmann equation becomes insuffi-
cient �4�. Alternatively, the Enskog equation is a well-
accepted kinetic theory for such dense gas systems �5,23�.
However, the original Enskog equation is rather complicated,
and in practical applications it is often simplified as a BGK-
like model �24,25�:

� f

�t
+ c ·

� f

�r
= −




��
�f − feq� + J , �3�

where

�� = ��1 + 2b�
/�D + 2��2 �4�

and

J = − feqb�
�c − u� ·
�

�r
ln��2
� , �5�

f is the singlet distribution function; t, r, and c denote the
time, particle position, and particle velocity, respectively; �
is the relaxation time for dilute gases, and the local equilib-
rium distribution function feq is given as

feq = ��2�RT0�−D/2exp�− �c − u�2/�2RT0�� , �6�

with D, R, u, and T0 representing the space dimension, the
gas constant, the fluid velocity, and the reference tempera-
ture, respectively. Moreover, 
 is the pair correlation func-
tion and can be expressed as a polynomial of the fluid den-
sity �5�


 = 1 +
5

8
b� + 0.2869�b��2 + 0.1103�b��3 + 0.0386�b��4,

�7�

with b=2��3 / �3m�. Note that in comparison with the Bolt-
zmann equation with the BGK approximation �2,5�, Eq. �3�
introduces a new relaxation time �� and a source term of J to
describe the dense effect arising from the finite size of gas
molecules. Through the Chapman-Enskog procedure, it can
be demonstrated that Eq. �3� recovers the Navier-Stokes
equations with the dense gas equation of state

p = �RT0�1 + b�
� �8�

and the shear viscosity
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� = �id�1 + 2b�
/�D + 2��2/
 , �9�

where �id is the shear viscosity of the corresponding dilute
gases. It should be pointed out that the original Enskog
theory actually leads to two viscosities for a compressible
isotropic Newtonian fluid flow, i.e., the shear viscosity � and
the bulk viscosity �� �5�. However, for dense gases, since the
bulk viscosity �� is very small, it can be neglected. This is
the so-called Stokes hypothesis �26�. Following this idea, we
do not consider the bulk viscosity of dense gas in the present
study.

The Knudsen number Kn for a gas system is defined as

Kn =
l

h
�10�

and the mean free path l is related with the relaxation time �
by

l = �c*, �11�

where c*=��RT0 /2 is the average velocity characterizing
the thermal motion of gas molecules �17�. Moreover, the
viscosity of a dilute gas can be obtained from the Boltzmann
theory �5�:

�id = �RT0� . �12�

Therefore, from Eqs. �10�–�12�, the viscosity of a dense gas
can be rewritten in terms of the Knudsen number as

� = �RT0Kn h�1 + 2b�
/�D + 2��2/�
c*� . �13�

III. FINITE DIFFERENCE ENSKOG EQUATION-BASED
LBGK MODEL

In this section, we develop a finite difference LBGK
model based on Eq. �3� to simulate dense gas flows in mi-
crochannels. Without loss of generality, we focus on two
dimensional problems �D=2�.

We first discretize the particle velocity space into a dis-
crete velocity set �ci� given by �27�

ci = 	�0,0� , i = 0,

c�cos��i − 1��/2�,sin��i − 1��/2�� , i = 1,2,3,4,

�2c�cos��2i − 9��/4�,sin��2i − 9��/4�� , i = 5,6,7,8,

�14�

with the speed c=�3RT0. With these discrete velocities, Eq.
�3� is reduced to

� f i

�t
+ ci ·

� f i

�r
= −




��
�f i − f i

eq� + Ji, �15�

where

Ji = − f i
eqb�
�ci − u� ·

�

�r
ln��2
� , �16�

and the discrete velocity local equilibrium distribution func-
tion f i

eq is given by

f i
eq = wi�
1 +

c · u

cs
2 +

�c · u�2

2cs
4 −

u2

2cs
2� , �17�

with the sound speed cs=�3c /3, the weight coefficients w0
=4/9; wi=1/9, for i=1,2 ,3 ,4; and wi=1/36, for i
=5,6 ,7 ,8. The gas density and velocity are defined as

� = �
i=0

8

f i, �u = �
i=0

8

f ici. �18�

Next, we apply the general propagation scheme �28� to
discretize Eq. �15�. The reason why we introduce the finite
difference technique in the present study is because in com-
parison with those conventional ELBGK models �24,25�, the
resulting finite difference ELBGK algorithm can retain good
numerical stability in a much wider range of the length ratios
� /�. As pointed out in Ref. �22�, this improved stability of
the present ELBGK model is attributed to the increased hy-
perviscosity as a result of utilizing the finite difference
scheme �29�. The detailed discretization procedure to Eq.
�15� is similar to that presented in Ref. �22�. However, it
should be pointed out that the model reported in Ref. �22� is
for flows with small Knudsen numbers �Kn→0�. It cannot
be directly applied to dense gas flows in microchannels that
possess a finite Knudsen number, because such a model
gives a viscosity as

� = �RT0	t��1 + 2b�
/�D + 2��2�/�	t
� + d/�2A2� − 1� ,

�19�

which includes a discrete error 	=�RT0	t�d / �2A2�−1�,
where A and d are two numerical parameters. Therefore, it is
expected that when we apply that model in Ref. �22� to simu-
late dense gas flows in microchannels at a given finite Knud-
sen number, it will predict a false viscosity different from
that of Enskog theory.

To remove such a numerical error, we propose a different
finite difference ELBGK model in the present work, which
reads

h̃i
+�t,r� = h̃i�t,r� − 
�h̃i�t,r� − h̃i

eq�t,r�� + 	tJi, �20�

h̃i�t + 	t,r� = h̃i
+�t,r� +

d

2
�h̃i

+�t,r + ci	t/A�

− 2h̃i
+�t,r� + h̃i

+�t,r − ci	t/A��

−
A

2
�h̃i

+�t,r + ci	t/A� − h̃i
+�t,r − ci	t/A�� , �21�

where

h̃i = f i − 0.5	tJi +

	t

2��1 + 0.5b�
�2 �f i − f i
eq� �22�

and the dimensionless collision frequency  in Eq. �20� is
given by
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 =
	t

��1 + 0.5b�
�2 + 0.5
	t
. �23�

In Eq. �21�, we choose d=A2 so that Eq. �21� reduces to the
so-called Lax-Wendroff scheme �28,30�. In this finite differ-
ence ELBGK model, the gas density and velocity are defined

in terms of h̃i as

� = �
i=1

8

h̃i, �u = �
i=1

8

h̃ici −
	t

2
bcs

2 �

�r
��2g� . �24�

It can be demonstrated that through the Chapman-Enskog
procedure, Eqs. �20� and �21� recover the Navier-Stokes
equations with the equation of state and transport properties
for dense gases given by

p = �RT0�1 + b�
� , �25�

and

� = �cs
2	t
 1



−

1

2
� =

�id



�1 + 0.5b�
�2. �26�

In order to apply the model to gas flows in microchannels,
the collision frequency  should be related to the Knudsen
number. This can be achieved based on the relation between
the Boltzmann relaxation time � and the Knudsen number
Kn given by Eqs. �10�, �11�, and �23�, which gives

 =
	tc*

Kn h�1 + 0.5b�
�2 + 0.5
	tc* . �27�

With Eq. �27�, we can determine the dimensionless collision
frequency  in Eq. �20� by the given Kn and gas properties.

Another key point to apply the LBGK model to gas flows
in microchannels is the realization of the slip boundary con-
dition at solid walls. Although several treatments have been
proposed in previous studies �13–16�, these methods cannot
be applied to the present model directly because they require
knowing the unknown distribution functions inside the solid
wall. Moreover, those reported discrete kinetic boundary
conditions, e.g., the Maxwell diffusive boundary condition
�15–17,31,37�, may become invalid for dense gas flows in
microchannels since they are derived based on the low den-
sity limit �32�. Alternatively, we use a second-order slip
boundary condition that models the interactions between gas
molecules and solid wall �1�. For a fully diffusive reflected
wall, it gives

uf − uw = c1l
 �u

�n
�

w

+ c2l2
 �2u

�n2�
w

, �28�

where n is the coordinate in the direction normal to the wall,
uf is the streamwise fluid velocity on the wall, and uw is the
wall velocity. c1 and c2 are two coefficients. They have dif-
ferent values in different studies. In the present work, as
suggested by Ref. �1�, we choose c1=1.0 and c2=0.5. Equa-
tion �28� can be written in a dimensionless form as �1�

Uf − Uw = c1Kn
 �U

�n
�

w

+ c2Kn2
 �2U

�n2 �
w

, �29�

where Uf and Uw are, respectively, the dimensionless fluid
velocity and wall velocity, normalized by a reference veloc-
ity. With Eq. �28�, we can calculate the distribution function
f i at boundary nodes by the nonequilibrium extrapolation
scheme �33�:

f i�t,rw� = f i
eq�t,rw;� f,uf� + �f i�t,r f� − f i

eq�t,r f�� , �30�

where � f is the gas density at the solid wall, f i�t ,rw� and
f i�t ,r f� are the distribution functions at the solid wall and at
the node in the flow region near the wall, respectively. How-
ever, note that the distribution function used in the present

model, i.e., Eqs. �21� and �22�, is a redefined one h̃i, instead
of the original f i. Therefore, we propose the following pro-
cedure to obtain the gas density and velocity based on these

two distribution functions, h̃i and f i.

�1� Update the distribution functions h̃i in the internal
flow field by Eqs. �20� and �21� and calculate the correspond-
ing distribution functions f i by Eq. �22�.

�2� Update the distribution functions f i at the boundary
nodes by Eq. �30�.

�3� Calculate the gas density in the entirely flow field and
the gas velocity at boundary nodes with f i by Eq. �18�. With
the updated gas density, calculate the density gradient in the
entire flow field.

�4� Calculate the gas velocity in the internal flow field

with h̃i and the density gradient by Eq. �24�.

With these four steps, we can update the gas densities and
velocities in the entire flow field at every time step.

In summary, Eqs. �20�–�24�, together with Eqs. �17� and
�18�, form a finite difference ELBGK model for dense gas
flows in microchannels. In the next section, we shall apply
this model, along with the boundary condition �29� and �30�,
to simulation of dense gas flows in microchannels with dif-
ferent Knudsen numbers and length ratios � /�.

IV. NUMERICAL SIMULATIONS

A. Validation

We first validate the present model by simulating of a
dilute air flow in a microchannel with height H0 and length
L0. The flow is driven by a pressure gradient imposed at both
ends of the channel, and the air at the outlet is under the
atmospheric condition and its properties were evaluated at
the temperature T0=298 K, which gives � /�=0.0969. The
walls of channel are assumed to be fully diffusive �the ac-
commodation coefficient �=1�. In order to compare the nu-
merical results with those obtained by the DSMC method
�34�, we set the length ratio L0 /H0=100, the ratio of the inlet
pressure to the outlet pressure rp= pi / po=1.4. In simulations,
the Knudsen number at the outlet Kno is set to be 0.0194,
indicating that the flow is in the slip flow regime.

We carried out the simulations on a Nx�Ny =2000�20
grid and applied the pressure boundary conditions �35� to the
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inlet and outlet. Moreover, the nonequilibrium extrapolation
scheme �30� combined with the slip boundary condition �29�
is employed to specify the distribution functions on the solid
wall.

Figure 1 presents the streamwise velocity profile across
the channel at the outlet when Kno=0.0194, where the ve-
locity is normalized by the maximal outlet streamwise veloc-
ity uo. It is observed that an apparent velocity slip occurs on
the solid wall and such a slip velocity is about one tenth of
uo. For comparison, we solved the Navier-Stokes equations
with the second order slip boundary condition �28� using the
perturbation method in Ref. �36�. We obtain

U =
dP/dX�1 − 4�Y − 0.5�2 + 4Kno/P − 4Kno

2/P2�
dPo/dX�1 + 4Kno − 4Kno

2�
�31�

and

P2 + 12KnoP − 12Kno
2 ln P + APX + BP = 0, �32�

where

AP = rp2 + 12Knorp − 12Kno
2 ln rp − 12Kno − 1, �33�

BP = 12Kno
2 ln rp − rp2 − 12Knorp , �34�

X=x /L0, Y =y /H0, the dimensionless velocity U=u /uo, and
the dimensionless pressure P= p / po. We numerically solved
Eqs. �31� and �32� by the Newtonian iteration scheme, and
plotted the resulting velocity profile in Fig. 1. In addition, we
also present the numerical results obtained by the DSMC
method �34� and the conventional Boltzmann equation-based
LBGK model with the discrete kinetic boundary condition
�15–17,37� in Fig. 1. As seen, the velocities obtained by the
two LBGK models are almost identical, being in good agree-
ment with the Navier-Stokes solver �31� and those by the
DSMC method �34�.

To more clearly examine the numerical accuracy of the
proposed ELBGK model, we further performed the grid con-

vergence test. We carried out the simulations on the Nx
�Ny =1000�10, 2000�20, and 4000�40 grids, respec-
tively. The resulting streamwise velocity profiles at the outlet
are shown in Fig. 2�a�. It is found that the numerical results
on the 1000�10 grid deviate from those on the finer grids
while the numerical results on the 2000�20 grid is almost
identical to those on the 4000�40 grid, indicating that the
2000�20 grid is sufficient for the present case. We also
measured the errors of these simulations. Since there is no
analytical solution to the dilute air flows in microchannels,
we applied the Richardson extrapolation to define an “exact”
solution based on the results on the 2000�20 grid and the
4000�40 grid, as discussed in Ref. �38�. The L1-norm of
error �38� for the streamwise velocity at the outlet are shown
in Fig. 2�b�. Apparently, the results demonstrate that the pro-
posed ELBGK model is of the second-order accuracy.

In addition to the gas velocity, another interesting point of
gas flows in microchannels is the pressure distribution along
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FIG. 1. The streamwise velocity at the outlet of the channel.
Solid line: the ELBGK model; �: the Boltzmann equation-based
LBGK model; �: the DSMC method; *: the Navier-Stokes equa-
tions with the second order slip boundary condition.
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FIG. 2. The grid convergence test of the proposed ELBGK
model. �a� The streamwise velocity at the outlet of the channel
simulated on the Nx�Ny =1000�10, 2000�20, 4000�40 grids.
�b� Errors comparison in different grids.
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channel. It is known that in gas flows in microchannels, the
pressure gradient is no longer a constant, but varies along
channel. The nonlinear deviation from the linear pressure
distribution is due to the compressibility and rarefaction of
the gas when it flows through the microchannel �1�. Figure 3
shows the deviations of the nonlinear pressure from the lin-
ear distribution along channel predicted by the present
ELBGK model, the conventional Boltzmann equation-based
LBGK model, the DSMC method �34�, and the Navier-
Stokes equations with the slip boundary conditions, respec-
tively. As with the gas velocity, the numerical results ob-
tained by the two LBGK models are well agreed with the
DSMC method �34�. They all show a convex-curved pres-
sure distribution along channel in the gas flow with Kno
=0.0194. However, an overestimation is observed in the re-
sults given by Eq. �32�. The reason for this overestimation is
that the results given by Eq. �32� are only the zeroth-order
solution of the Navier-Stokes equations with the second-
order slip boundary condition.

B. Simulations of dense gas flows in microchannels

We now apply the proposed finite difference ELBGK
model to the study of dense gas flows in a two-dimensional
microchannel with the length ratio L0 /H0=30. In our simu-
lations, we chose the Knudsen number at the inlet Kni
=0.03, and the pressure ratio pi / po=2.0. The temperature of
the system is fixed at T0=298 K, and the Courant-Friedricks-
Lewey number in the model is set to be A=0.6. The bound-
ary conditions are the same as those used in Sec. IV A. For
accuracy, the numerical simulations are carried out on a Nx
�Ny =1200�40 grid and three cases with � /�=0.1, 0.3, and
0.5 are studied.

Figure 4 shows the resulting outlet streamwise velocities,
normalized by the maximal inlet velocity ui. It is seen that
the velocities vary sharply in the three cases considered. Spe-
cifically, the dense gas with a larger � /� always has a

smaller gas velocity profile in the bulk flow region and a
smaller slip velocity on the solid wall. For instance, when
� /�=0.5, the magnitude of the velocity at the channel center
and that on the solid wall decrease, respectively, by 10.59
and 16.72 % in comparison with those in the case of � /�
=0.1. This behavior is also found by the DSMC method �7�.

The velocity slippage at the solid wall along channel is
also measured in each case. As shown in Fig. 5, the magni-
tude of the velocity slip in all the cases increases along the
channel. It is also observed that the degree of slip has a clear
dependence on the length ratio � /�: a dense gas with a larger
� /� usually gives a smaller slip. For instance, as pointed out
previously, the slip velocity at the outlet for � /�=0.5 de-
creases 16.72% than that for � /�=0.1. Such a slip behavior
can be analyzed based on the employed boundary conditions.
As shown by Eq. �28� or �29�, the slip velocity is closely
related to the local Knudsen number Kn, which is a function
of the gas density. Actually, as shown in Fig. 6, for a given
Knudsen number at the inlet, the local Knudsen number in-
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FIG. 3. The pressure deviation from the linear distribution along
the channel. Solid line: the ELBGK model; �: the Boltzmann
equation-based LBGK model; �: the DSMC method; * the Navier-
Stokes equations with the second order slip boundary condition.
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creases along the channel, and at the same position, Kn has a
smaller value for a denser gas than that for a less dense one.
The reason for small local downstream Knudsen numbers in
dense gas flows in microchannels can be explained as fol-
lows. For a gas, the local Knudsen number is conversely
proportional to the local density Kn�1/�. However, as
driven by an identical pressure drop, a denser gas �referred to
as 1� has a relatively smaller density variation than a less
dense one �referred to as 2� �22�, i.e.,


�in

�
�

1
� 
�in

�
�

2
, �35�

where �in is the inlet gas density, � is the local downstream
gas density. As such, the local Knudsen number of the denser
gas is smaller than that of the less dense one:


 Kn

Knin
�

1
� 
 Kn

Knin
�

2
. �36�

The pressure distributions for the three cases are shown in
Fig. 7. Similar to the validation case, the pressure distribu-
tions also deviate from the linear distribution in all the cases.
Furthermore, like the distributions of the velocity, the mag-
nitude of the nonlinear deviation also depends on the length
ratio � /�: it is gradually decreased as the � /� increases.
Such a tendency may also be attributed to the relatively
smaller density variation for a denser gas than that for a less
dens gas under an identical pressure drop.

To gain a more complete picture of dense gas flows in
microchannels, we also carried out a series of numerical
simulations with different Knudsen numbers ranging from
0.01 to 0.04 and different length ratios � /�=0.1, 0.3, 0.5.
Figure 8 presents the resulting slip velocities at the outlet
under different conditions. It is found that for a gas with a
given � /�, the slip velocities always increase with the Knud-
sen number, which is consistent with our common under-
standing in kinetic theory of dilute gases. However, it is also
seen that the increased magnitude depends on the length ratio
� /�. As with previous results, for a given Knudsen number,

a larger length ratio results in a smaller slip velocity. The
dual dependence of gas slip on both Knudsen number and
length ratio � /� shows that the actual gas flows in micro-
channels are determined not only by the given flow condi-
tions, but also by the thermodynamic state of gases. This
means that when a gas slip occurs in a general gas system,
the gas in the system can undergo either a dilute gas flow at
a small Knudsen number or a dense gas flow at a relatively
large Knudsen number. In addition, it is also found from Fig.
8 that the difference between the outlet slip velocity of a
dilute gas and that of a dense gas increases with the Knudsen
number. Specifically, comparing the outlet slip velocity for
� /�=0.5 with that for � /�=0.1, it is found the difference of
the outlet slip velocities in these two cases increases by 88%
when the Knudsen number increases from 0.01 to 0.04. This
increased deviation indicates that the dense effect caused by
a large length ration � /� on gas dynamics becomes more
noticeable in the large Knudsen number flows. In summary,
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based on the above observations, we can conclude that dense
gas flows with a large length ratio � /� present quite different
dynamic behaviors from dilute gas flows do even under the
same flow conditions.

V. CONCLUSIONS

Gas flows in microchannels is usually assumed to be dy-
namically similar to rarefied gas flows at high altitudes, and
is characterized by the Knudsen number. However, in many
practical cases this basic assumption is questionable, and the
dense effect should be considered. In this paper, we have
presented a finite difference LBGK model based on the
Enskog equation for dense gases, and have applied the model
to study several dense gas flows in microchannels. The nu-
merical results show that dense gas flows in microchannels
present an apparent slip on the solid wall when the Knudsen

number is in the order of 10−2, and the magnitude of such a
slip depends on the length ratio � /� of gas: a larger length
ratio � /� results in a smaller slip velocity on the solid wall.
Moreover, the numerical results show different � /� also
changes the fluid velocity profile and pressure distribution in
the bulk flow region. These results demonstrate that dense
gas flows in microchannels with a large � /� behave differ-
ently from dilute gas flows in microchannels with a small
� /�. Therefore, a simple treatment of all gas flows in micro-
channels as rarefied gas flows �i.e., the dilute gas flows with
a finite Knudsen number� will result in an inaccurate predic-
tion of the flow behaviors.
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