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For a quantum particle on a one-dimensional lattice, the dynamics under the influence of a time-
dependent, white-noise potential is shown to differ significantly from the classical diffusive behavior. In
particular, the square of the distance displaced from origin is proportional to ¢%°-%6. The origin of this
dispersive behavior is traced to the special properties of the force-force correlation function, which in-
tegrates to zero and has a magnitude varying as ¢ “*°. These characteristics are attributed to the con-
tinuous spread of the quantum wave packet as well as its interaction with the discrete lattice.

Quantum Brownian motion (QBM) may be defined as
the dynamics of a quantum particle under the influence of
a time-dependent, white-noise potential. As one of the
simplest generic stochastic problems, QBM is the quan-
tum counterpart to the classical Brownian motion that
gives rise to diffusive transport, and it is directly relevant
to the transport of quantum excitations in an environ-
ment involving localized traps. In a slightly modified
form, QBM is also relevant to the directed polymer prob-
lem and the problem of quantum tunneling probability of
a strongly localized electron.!™® In a lattice QBM prob-
lem, the scaling behavior of the width of the wave func-
tion {x%(¢)), a second-moment quantity, is known to fol-
low a diffusive behavior from both analytic’™> and nu-
merical works>® due to the unilarity condition of the
Schrodinger’s equation. A superdiffusive behavior was
found for a continuous model.” However, the scaling
behavior of the square of the distance displaced from the
origin, (x(¢))?, which involves the fourth moment of the
wave function, has been the focus of many recent stud-
ies! 7> because no analytic solution is known. In one di-
mension, numerical results suggest that {x(¢))? follows a
subdiffusive behavior®® and scales as t%°-%% In this
work, QBM is studied through the numerical solution of
stochastic Schrodinger’s equation on a one-dimensional
lattice using a new numerical scheme. We have also
found that (x(z))? scales as t*3~%% The motivation of
this work is to understand the origin of this power law.
Through the analysis of the momentum and force corre-
lations, the origin of this dispersive transport behavior is
traced to the combined effect of wave scattering from the
lattice and the inherent spreading of the wave packet that
represents the quantum particle.

The starting point of our consideration is the
Schrédinger’s equation
i 9 =Hep, (1)

at

where we have set =1, mass of the particle m =1, so
that #2/2m =1. For a one-dimensional lattice with lat-
tice constant =1 the Hamiltonian in the tight-binding ap-
proximation can be written as

H=—AP4+wn(i,z1) . )
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In Eq. (2, A denotes the discrete Laplacian
APp(i)=@(i +1)—2¢(i)+@(i —1), i is the lattice-site
index, W is the magnitude of the random potential, and 7

is a random function with values in the interval
[—1,1], »(i,2)=0, and
n(i,t)n(j,t")=8;6(t—1t"), (3)

where the overbar denotes ensemble averaging. At time
t =0, the quantum particle is represented by a Gaussian
packet centered at i =0 with a width o =10:
1
(i,t =0)=—=
¢ V2mo
The subsequent space-time evolution of the packet is cal-
culated numerically by a stable implicit scheme which
also preserves the unitary of the wave function. By using
n to denote the time step index, the scheme is given by

exp(—i%/20?) . (4)

Pliy +1)—<p(i,n)=y%t—{[A‘2)<p(i,n + 1)+ AP, n)]

~—’21[n<i,n>+n<i,n+1)]

X[@li,n)+e@li,n +1)]} .
(5)

Equation (5) is easily recognized as an extension of the
Crank-Nicolson method® where the particular discretiza-
tion scheme of the 7(i,#)@(i,t) term is necessitated by the
consideration of unitary conservation.

Two types of expectation values can be obtained from
the long-time solutions of Egs. (1) and (2). The first type
is the quantum expectation values. These are defined by

(x(1)=3ileli,n)]>, {p())=—ilel[x,Hllp)/2,
(fFY=—w(plnti+1,0)—nti —1,)|@) /2,

and
(E())=(p|H|p) .

Here p denotes the momentum operator, f the force, E
the energy, and [x, H] the commutator of position opera-
tor x and H. The quantum expectation values {x(z)),
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{p(t)), and (f(z)), should satisfy the classical equations
of motion:’

1d{x@) _

T (p(t)), (6a)
d{p)) _

— (f()), (6b)

where the factor £ in Eq. (6a) is from the mass of the par-
ticle. By using Az=0.15 [in units of 2m X (lattice con-
stant)? /%], we have verified the conservation of unitarity,
as well as Egs. (6a) and (6b), to a high degree of accuracy.
From the quantum expectation values, which give the ex-
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FIG. 1. Time dependence of (a) {x(t))2, (b) {p(z))?, and (c)
(f(t))? for W=2, 5, 10, and 15. The dot-dashed line in (a)
represents a power-law of ¢ with the exponent value of 0.55.
The dot-dashed lines in (b) and (c) represent a power of ¢t with
the exponent value of —0.5. Data points represent the averages
of 1200-1800 configurations.
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pected values for the position, momentum, and force
measurements on a quantum particle, one can obtain the
analogous classical expectation values of (x(z))?
(p(£))% and {f(2))% Ensemble averages of these quan-
tities from 1200 to 1800 configurations are shown in Fig.
1 for W =2, 5, 10, and 15. It is seen that in the large ¢
limit, {x(¢))?«<t® where «=0.5-0.6, and {p(r))* and
(f())? both exhibit ¢~ !/2 behavior. Our result on
(x(t))?is noted to agree with prior estimates.>® Howev-
er, both the cause of this behavior and the {p(z))? and
(f(2))? characteristics are yet to be understood. Below
we examine these issues in more detail.

Since the quantum expectation values of x, p, and f
satisfy the classical equations (6a) and (6b), the behaviors
of {p(¢)) and (f(t)) are thus crucial in understanding
the distinct properties of QBM from those of the classical
case. If (p(#))=n(t)= white noise, then we recover the
classical behavior® {x(z))?>«t. If, on the other hand,
{f(¢)) =n(t)= white noise, then {x(¢))? should vary as
t3 as in the case of a classical random walker with no dis-
sipation!® (so the energy of the particle can increase
indefinitely). Both cases can be easily verified by the solu-
tions of Egs. (6a) and (6b). In the present case, however,
the decrease of { f(2))? as ¢ "1/2 can be understood physi-
cally as resulting from wave-packet spreading. That is, if

we_evaluate the variance [2={((x—(x))X#))={(x?2)
—(x )? of the wave packet, it is found to be proportioned
to ¢t as shown in Fig. 2. It should be noted here that {x?)
is a purely quantum quantity that has no classical analog.
Our results on the long-time behavior of {x?)~t agree
accurately with prior analytical solutions of the prob-
lem.*> Since the effective force (f(¢)) is the result of
averaging the derivative of the random potential over the
width [ of the wave packet, it follows that as ¢ increases,
(f(2)) should decrease as 1/VI. Since [*<t, {f(1))?
therefore varies as 1 /V/¢.

The above argument, however, sheds no light on the
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FIG. 2. Time variation of the variance /? of the wave func-
tion as defined in the text. An accurate linear dependence on ¢
is seen. Data represent the average over 1000 configurations.
The value of W used is 2.
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FIG. 3. Plot of the force-force correlation function multi-
plied by [¢(¢+7)]'/%, averaged over 150 configurations. The
constant trend is unmistakable.

reason why {p(z))? should have the same ¢ ~!/?> depen-
dence as _ (f(1)% If  {(f()){f(t'))=const
X8(t'—t)/Vt, then {p(z))? would vary as t'/?, and the
behavior of {x(z))?2 is at least superdiffusive, i.e., t* with
a>1. The present {p(t))2c0t !/ behavior thus implies
a nontrivial force-force correlation function that differs
from 6(¢'—1).

To calculate the force-force correlation function, we
first verify that it can be written in the form

(FOY(F)Y=Hoh(t'—1t) /(1t")/*,

where H,=({f(t (f())®>V1_is a constant evaluated at the
t—> oo limit where {(f(¢))?<1/Vf. The fact that
(1t")V4(f(£)){f(¢')) indeed behaves as a constant for a
fixed value of 7=t'—t¢ is shown in Fig. 3 for W=7, r=1,
2, and 4. One hundred fifty configurations were used.
While there are fluctuations, the flat trend is unmistak-
able. Similarly, the momentum-momentum correlation
function may be expressed as

(P {p(t))=Goglt'—1t)/(1t")}/*, (7b)

)2\/1‘ defined similarly as H, and which
J

(7a)

with G, ={p(t

()= [ [ FaDYfe)Ydr dr,

12 611

1 T T T
0.8\
06}

\
04f |

02} \

g(1), h()

\

0.8 H
\
0.6 |-\
\

0.4 |- \\

|

\

0.2 -

\/ (b)

FIG. 4. The momentum-momentum correlation function
(solid lines) and the force-force correlation function (dashed
lines) plotted as a function of 7 for two values of W. (a) W=7,
(b) W=15.

may also be verified to be a constant. Figure 4 gives the
behaviors of h(7) and g(7) for W =7 and 15, obtained by
both configurational averaging and averaging over t. The
solid lines in Fig. 4 depict g(7), and the dashed lines k(7).
It is seen that whereas g(7) decays nearly exponentially,
h(7) has a very pronounced negative lobe. What is spe-
cial about A (7), however, is that it has compact support,
ie., h(7)=0 for 7>7y(W). Moreover, the integral of
h(7),0=<7=t,, is accurately zero (to three decimal places)
for all values of W evaluated. This special property
means that

g2H0f0thh(T)thT_1/2dT+%Hofotdfrh(r)thT_”ZdT—l— e

—4H,VT fothh('r)—4H0foth\/;h(T)+—;—HofothTh(T)thT_ysz—F -

Since t >>7, the first term is zero, and from the second
and third terms one obtains

(p(e))2=——=> [ "dr th(r)=3H, [ “d7V7h(r)+ -
(8)

i.e., the leading nonconstant term of {p(¢))? is propor-

r

tional to 1/V¢, in agreement with observed results. A
similar analysis yields the result that {x( t))20<t°'5‘0'6
because the integral of g(r) from O to ¢ gives %1,
Figure 5 gives the variation of 7y (W) summarized
from the calculations of hA(7) for various values of W. 7,
represents the underlying memory time of the QBM. The
quadratic behavior of 7, at small W is expected on the
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FIG. 5. Plot of 75! as a function of W. 7, represents the
correlation time for the quantum Brownian motion. Dashed
line is to guide the eye.

basis of symmetry of the problem under the transforma-
tion of W— —W.

The physical reason for the special characteristics of
h(7) lies in the interaction of the quantum wave with the
discrete lattice, which gives rise to an energy band. Con-
sequently, the quantum particle can have no net energy
increase as soon as the states in the band are equally oc-
cupied. A quick check of { E(¢)) shows this to be indeed
the case: while there are fluctuations, the overall average
stays constant at the center of the band. Moreover a
well-known effect of a discrete lattice is the creation of
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positive and negative curvatures in the dispersion relation
of an electron at the lower and upper band edges, respec-
tively. These curvatures correspond exactly to positive
and negative “effective mass”!! at the band edges. In this
context the negative correlation lobe in A(7) may be un-
derstood as the result of effective-mass sign change as the
energy of the particle moves between the upper and the
lower band edges (thus changing the sign of the force as
well), in analogy with the well-known Bloch oscillation!!
effect of an electron on a lattice. The existence of such
significant lattice effects means that in contrast to the
classical Brownian motion, the continuum version of the
QBM could be drastically different from the lattice ver-
sion. However, the lattice QBM should be physically ob-
servable through experiments involving the trapping of
quantum excitations in an atomic lattice.

From the above discussion it is easily concluded that
the passage of quantum to classical random walk requires
the removal of both the wave effect and the dispersion
effect. In the context of the present model this might be
achieved by the addition of a static random potential
whose magnitude is much larger than W. In that case the
wave packet will be localized in the Anderson sense by
the static disorder, and the effect of the dynamic random
potential is then to cause random hoppings of the local-
ized packet. Further investigations along this direction
are presently under way.
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