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Abstract

Understanding how the phenomena that one observes in biological nervous systems maps

into the computations that they perform involves contributions from a wide range of fields. Each

of these fields may focus on one or more aspects of neuron operation; so in addition investigation

at multiple levels of detail are a necessity. The alternative, single line of investigation runs the

risk of producing “results” of questionable applicability to the original problem. This chapter

presents an overview of methods and results in neurophysiology, modeling, artificial neural

networks, and nonlinear dynamics which have been converging among the work of the authors.

The current outcome is the bringing together of tools, methods, and data from a variety of fields

which have yielded new insights into neural behaviors which were once considered either too

complex or irrelevant to neural function.

using software developed at the National Center for Supercomputing Applications at the University of Illinois at
Urbana-Campaign, Lawrence Livermore Laboratories, and also using libf77 routines copyright 1990 & 1991
by AT&T Bell Laboratories and Bellcore.



     

1 Introduction

Computational Neuroscience and related fields, such as Artificial Intelligence, are presented

with a problem of levels of theory [1]. We have a physical system (biological nervous systems)

which implements a solution to a (perhaps poorly understood) problem (intelligent behavior),

but we don’t know which aspects of the physical system are salient for solving the problem

and which are “merely” implementation details. These fields are not unique in this respect, and

share this problem with other fields which seek to understand complex phenomena. And, as

in other fields, we are more-or-less free to choose the level of abstraction for construction of

models, implementation of simulations, and formulation of theories.

However, we face a real dilemma, for if we choose too high a level of abstraction for

our work, it may prove irrelevant to the underlying problem, while if we work at too low a

level, we run the risk of making our new observations as unintelligible as the original ones [2].

Confounded with this decision is our need for computer implementation, for modeling and to

verify our computational theories, which carries with it the risk that implementation decisions

may overshadow the significance of the underlying formal nature of the work [3].

Thus, we confront the problem of separating form and function in two domains instead of

one — biological computation versus biological “wetware” and machine computation versus

computer hardware. We present here one approach towards this: multiple levels of experiment,

theory, and simulation operating in concert. This chapter summarizes the initial results from

an interdisciplinary effort in understanding biological computation by cooperative work at the

levels of:

Neurophysiology of a prototypical living preparation (the crayfish SAO inhibitory synapse)

This keeps this work firmly anchored in real data (hence section 2).

Phenomenological and physiological models of single cells (Xneuron) In section 3 we con-

sider what kinds of models will duplicate the observations of the biological system.

Phenomenological and physiological models of biological neural networks (Neuro bio clusters)

Section 4 examines how networks of these models behave, showing that while certain
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behaviors at the single-neuron level are important in networks, the network parameters

cannot be neglected.

Formal models of the dynamics of spiking oscillators (the mRIC) We construct formal mod-

els to capture just the essentials of the single-neuron dynamics, such as its two-component

oscillations (section 5).

In all instances, we consider the basic unit of neural computation to be the synapse (the sim-

plest possible network), and view the mechanism of computation via the coding of presynaptic

activity to postsynaptic activity. Here, neurons are treated as dynamical systems which typically

produce spike trains, in turn mapped by synapses to affect the behavior of other neurons. This

synaptic mapping, by no means straightforward, has been the subject of the bulk of the work

described here.

The behavior of large networks is determined by the behaviors of its components and by

network connectivity, etc (e.g., [4]). The synapse provides the functional unit of such networks,

so understanding its operation is indispensable for understanding the network’s, though not

sufficient. In this vein, it is perfectly reasonable to investigate networks composed of simple

units [5], but a very important open question remains: whether networks of more complex units

(closer to living ones, like the synapse examined here) will perform differently. If this is the

case, then we must identify these differences and determine when they are significant. This has

led to recent interest in dynamical models of neurons and their computational properties (e.g.,

[6]).

The experimental technique utilized here has been to present controlled presynaptic dis-

charges to a prototypical synapse and to observe the resultant responses. The presynaptic

discharges that have been used are quite simple, involving either regular ones with all interspike

intervals identical or transient changes in firing rate following sinusoids, ramps, or steps. The

main conclusion of previous work has been that, regardless of the simplicity of the presynap-

tic discharge waveforms, the corresponding postsynaptic discharges evolve neither simply nor

tightly. This directly contradicts much of the modeling work in artificial neural networks, both

nondynamical and dynamical. Though postsynaptic rate changes are overall what one might
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expect from typical ANN models, they also change paradoxically (the opposite of expecta-

tion). Findings have been similar in both living prototypical synapses with IPSPs and simulated

synapses with IPSPs or EPSPs [7, 8, 9, 10, 11, 12].

This chapter covers the living preparation and three different kinds of models currently

under investigation. Section 2 includes the bulk of the description of analysis methods (many

of which are also used in section 3) and a summary of the results of experiments on the crayfish

SAO. Section 3 summarizes some additional analysis methods, two different models (the leaky

integrators and a permeability-based one), and presents an overview of the simulation results.

Section 4 describes a computer environment for examining the behavior of small networks

of such model neurons. And section 5 briefly illustrates the first stages of development of a

satisfactory formal model for this type of spiking neuron.

2 A Prototypical Biological System

The living preparation which serves as our exemplar is the embodiment of a prototypical in-

hibitory synapse. Because of its prototypical nature we expect, as a working hypothesis, to

see the same responses in any other synapse. In all experiments, the control variable was the

timing of presynaptic spikes. Two different input regimes of presynaptic discharge timings are

described here:

1. Pacemaker driving, in which the presynaptic spikes were all separated by an essentially

invariant interval, I . Analysis focused on the stationary postsynaptic discharges that

resulted. This stationary situation is used as a baseline.

2. Trendy transients, with the presynaptic intervals modulated so that the rate as a function

of time would be either a half-sine or ramp. These were chosen because of the ubiquitous

nature of transients in the neural responses to events in everyday life.

Results are described in this section in terms of their implications for synaptic coding

— pre to postsynaptic discharge correspondences — and biological implications relevant to

network operation. The results also provide a database for analyses of underlying mechanisms
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Figure 1: Drawing of the experimental setup involving the SAO, IF, and stimulating and record-
ing electrodes. Adapted from [7].

[13, 14, 15, 16, 17, 18, 19] (dealt with in section 3), as well as for theoretical work [20] (sections 4

and 5).

2.1 Methods

Experiments were carried out on slowly adapting stretch receptor organs from adult crayfish

Procambarus clarkii. The preparation, illustrated in Figure 1, includes a single presynaptic

inhibitory fiber and a single postsynaptic neuron. The synapse generates prototypical, gabaergic,

chloride-related IPSPs of intermediate power via A-like receptors [21, 22]. It was essentially

invariant in each preparation, and varied little among all. Techniques were standard, and are

described fully in [23]. Figure 2(A) shows a record with the small IF and the intermediate-sized

SAO spikes.

The postsynaptic neuron in the SAO is a pacemaker. Its undisturbed, natural discharge was

a sequence of intervals Ti and instantaneous rates 1/Ti (i = 1, 2, . . .) that differed little from

their averages N and 1/N [24, 25, 26, 7].
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Figure 2: Taken from oscilloscope photos, these are examples of the SAO and IF outputs. In
(A), the transient 〈ramp; 2.48s; 20.41-1.66/s; -7.56/s2〉 is shown. A blow-up in (B) illustrates
the numbering and interval naming convention. Adapted from [11].

2.1.1 Pacemaker Driving

The desired pacemaker presynaptic trains were induced by delivering periodic pulse sequences

to the IF with all intervals equal to some specified I , (the control parameter) [7]. Driver rates were

typically expressed normalized to the corresponding natural postsynaptic rate (1/N ) as N/I [27,

7]. At steady-state, the behavior associated with each inhibitory train was identified as locked,

intermittent (including phase walk-throughs), messy (erratic or stammering) or hopping, as

explained in section 2.1.3. Criteria were based on the features of the presynaptic and postsynaptic

trains individually and jointly as determined using the data analysis techniques described in

section 2.1.3. These forms were then related to the driver inhibitory average rate 1/I , to yield

information on the distribution of behaviors along the control parameter range.

2.1.2 Trendy Transient Driving

A trendy spike discharge is one where rates either increase or decrease uninterruptedly. The

investigator chose the trend’s features by stimulating the IF with a pulse generator driven by
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Figure 3: Schematic drawings showing a decelerating half-sine transient (left column) and an
accelerating ramp transient (right column). In each column, (A) is the waveform fed into the
voltage to rate converter, (B) is what the corresponding IF output would be, and (C) and (D) are
the IF intervals and instantaneous rate graphs. Adapted from [11].
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a voltage to rate converter. The converter was controlled by a waveform generator and a DC

source, and these were adjusted so that the discharges had the desired features [28]. The

DC bias set the minimum rate 1/Im and the waveform generator set the remaining features.

Figure 3 schematically illustrates how trends were imposed, showing, from top to bottom, the

waveform generator output (A) (half-sine on left, ramp on right), a corresponding IF output

(B), IF interspike intervals (C) (“cosecant” left, hyperbola right), and IF instantaneous rate (D)

(again, half-sine or ramp).

A particular transient is described fully by the vector 〈form; span; initial rate, final rate;

average slope〉; all of these features had effects on the SAO’s output behavior. The profile along

time of the transient’s instantaneous rate 1/Ik (D) is called the transient’s form — either sine

or ramp. The transient duration or span (S) (C, D) could be between 0.15 and 32s. Because

their consequences differed, those over 1s were called prolonged, between 0.1 and 1s short, and

under 0.1s (not discussed here) brief. There was no cutting separation between these categories;

the categories of spans (as that of slopes) arose from the experimental results.

Transients could be either accelerating or decelerating. In accelerating trends (Figure 3, right

column), instantaneous rates (D) increased monotonically from the initial value 1/Ib that was

the lowest (perhaps 0, as in Figure 3) up to the end rate 1/Ie. In decelerating trends (Figure 3,

left column), rates decreased from the beginning value 1/Ib (the highest) to the end rate 1/Ie.

Presynaptic changes from the beginning to the end of the trend are 1/Ie − 1/Ib for rates

and Ie − Ib for intervals; they are indicated in the graphs in Figure 3(C, D). The ratio of the

rate difference to the span, (1/Ie − 1/Ib)/S, measures the average slope of firing rates with

respect to time. Trends with rate slope magnitudes around 1, 30.0 and 150.0/s2, were classified

as slow, fast, and abrupt, respectively. Prolonged trends were always slow and short trends,

fast. Discussion of brief and abrupt, step-like transients is omitted here; see [29].

These details are included in the figure legends and usually omitted from the text. Figure 2(A)

shows an individual prolonged-slow decelerating trend 〈ramp; 2.48s; 20.41,1.66/s; -7.56/s2〉;
small and large spikes corresponded to the IF and the SAO, respectively.
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2.1.3 Data Analysis

A shown in Figure 2(B), spikes in each train were numbered sequentially and assigned an

order and time of occurrence, k and sk presynaptically, and i and ti post-synaptically (k, i =
0, 1, 2, . . .). Each spike was then assigned certain intervals: in IF trains, to the kth spike, the

interval Ik to the last IF firing; in SAO trains, to the ith spike, intervals to the last SAO and IF

spikes, Ti and φi , respectively. φi was called the phase. The data was thus reduced to the point

processes formed by the ordered sets of intervals Ik , Ti and φi [30, 7].

Stationarity Recognizing stationarity, pertinent for pacemaker driving, requires specific choices

that change from one data set to another; practical considerations include both the time span

over which stationarity is tested and the significance of departures from reference levels. Keep-

ing this in mind, in the present work stationarity was equated with freedom from trends, as

evaluated in the corresponding basic plots (see below). These were judged by either naked-eye

examination or by Kendall rank correlation tests [31]. Departures judged negligible were those

that could happen by chance alone in 0.05 of all instances.

Standard Point Process Statistics Spike number, mean rate, interval means, standard devia-

tions, and coefficients of variation (CV, standard deviations divided by the mean) were routinely

calculated and adequately described the natural pacemaker SAO discharges. Additionally, inter-

spike interval histograms (ISIHs, estimating probability densities), autocorrelation histograms

(ACHs, estimating the autointensity function), cross-correlation histograms (CCHs, estimating

the SAO’s firing probability as a function of the time after the IF spike; the cross-intensity func-

tion), and skipping histograms (SHs, a type of CCH useful for diagnosing locked behaviors)

were computed [32, 7].

Basic Graphs Processes Ik , Ti and φi were displayed as basic graphs [7] within which, as

illustrated in Figure 4(C), to each spike corresponded a mark with either time of occurrence

or order as abscissa and a preceding interval as ordinate: i.e., marks were at (sk, Ik), (k, Ik),

(ti , Ti), (i, Ti), (ti , φi), or (i, φi). Plots of intervals or phases versus time were often called
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struction of transient histograms (B) and pooled graphs (D) from basic graphs (C).
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intime or phasetime graphs, those of intervals or phases versus order, intorder or phaseorder.

Each individual delivery of a transient occupied a portion with span S in the basic graphs.

Return Maps The ith element in the original point process was plotted against that shifted by

the order j as shown in Figure 4(A); i.e., Ti vs. Ti+ j , or φi vs. φi+ j . Points on the diagonal of the

j = q map imply repetitions for every q, and therefore periodicity or locking. Additionally, the

distribution of points away from the diagonal, such as their distances from the diagonal, whether

they (arguably) fall along one-dimensional curves, etc., is very informative with respect to the

qualitative aspects of system dynamics. So, some maps can imply periodic or quasiperiodic

orbits, others with maxima for example suggest chaotic dynamics, etc. The present use is like

that of Rapp and collaborators [33, 34, 35].

Transient Histograms For sine and ramp transient experiments, Transient histograms were

generated. The span S of each individual delivery was divided into equal bins. In each bin pre-

synaptic firing rates were measured, and then averaged across all deliveries of that transient; the

same process was followed for post-synaptic rates. The resulting displays of rates against time

estimate how the corresponding mean rates vary along the transient. This is shown schematically

in Figure 4(B).

Pooled Graphs The starting point for each pooled graph was a pre- or post-synaptic basic

graph including many deliveries of a particular transient. Figure 4(C) is part of such a basic

graph; two transient deliveries are shown (span S, marks highlighted). All portions of the basic

graph occupied by the individual deliveries were transferred to a single plot called a “pooled

graph” and superimposed, as shown in Figure 4(D). Consequently, marks in the pooled graph

had as ordinates those of the original basic graph, and as abscissae the times since the beginning

of the transient where the original spikes occurred. The distribution of marks in pooled graphs

tells which intervals occur and where in the transient they occur. When similar intervals arose

at similar times in several superimposed transients, marks formed clusters; these identified a

preferred discharge and when it happened.
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Power Spectra We wished to detect and measure the tendencies of intervals or phases to repeat

periodically. Such periodicities were important in themselves (for example when exploring the

presence of lockings or their influences) independent of the associated rates. In other words,

we wished to take a point process Ti whose order parameter was i and measure its correlational

properties across different order shifts j (i.e., between Ti and Ti+ j for j = 1, 2, . . .). This was

achieved by estimating the power spectrum of the intorder or phaseorder graphs (or rather, of

the deviation of points in those graphs from the overall mean, e.g. 〈T1 −T, T2 −T, . . . , Ti −T 〉).
A peak at frequency 1/q cycles/order reflects a tendency for periodic repetition every q in a

manner that is standard and independent of the rate [7, 9]. All power spectra graphs here include

dotted lines indicating ±2 standard errors.

Behavioral Categorization Most of the behavioral categories examined here are, strictly

speaking, defined only in the stationary case, i.e., when pacemaker driving was used, a reflection

of the greater difficulty in analyzing transient behaviors. Though not stationary, experiments

showed that each transient produced different behaviors in succession, each in a restricted portion

of the transient. Accordingly, pre- and post- synaptic discharges were evaluated in detail along

each transient. In most, it was possible to determine behavioral categories equivalent to those

explicitly defined by nonlinear dynamics (see, for example, [27, 36]) and seen in pacemaker

driving. We begin this section with a brief, informal overview of basic concepts to explain

displays and discharge forms, and continue with brief descriptions of the different behaviors.

Examples of each behavior type are presented in section 2.2.

The state of any system can be described in terms of state variables. Its behavior, or the

evolution of its state along time, is described by a trajectory within the space whose coordinate

system is defined by those variables, its phase space. Behavior may eventually settle down to

a particular stereotypical form, implying a trajectory approaching a particular part of the phase

space, or an attractor. Each type of experimentally observed behavior implies a particular type

of attractor — a fixed behavior (constant, unchanging output) would correspond to a single point

in phase space (i.e., the system state does not change with time), a periodic behavior implied

that the system’s state retraces its path repeatedly — a closed curve in phase space, etc.
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The system’s behavior depends in turn on certain control parameters (here, the presynaptic

train characteristics). A display of the system’s behavior as function of those control parameters

is a bifurcation diagram; where a bifurcation is the point along some parameter range (or, more

generally, within some part of parameter space) where two qualitatively different behaviors

come together. The locus of points in the parameter space where a single behavior is present

form a branch. Note that this control parameter space is different than the system’s phase

space. Thus, the transient histograms and pooled graphs used here can essentially be considered

bifurcation diagrams; a portion with a particular discharge is a branch, and points that separate

different discharge forms constitute bifurcations (indicated in the figures in section 2.2 by

arrowheads). As stated by Abraham and Shaw, bifurcation diagrams provide a record of all

attractors — the system’s global behavior — and are important clues to the system’s dynamics.

Here they have been exploited only in terms of their salient qualitative features and bifurcation

points.

Earlier experiments performed on this same preparation had demonstrated that differently

patterned discharges arose when one pacemaker neuron inhibited another [37, 25, 26]. As will

be summarized in section 2.2, the same discharge forms that have been found using pacemaker

driving were encountered also along transients. The general features were identical using either

form of inhibition, the only difference being the stationarity of the pacemaker experiments

versus the non-stationary trends in the rate-modulated ones.

The different SAO behaviors produced telltale relationships between SAO and IF spike

timings. Locked responses are defined as a fixed, repeating sequence of φi and Ti , and a

behavior was called “locked p:q” if these sequences repeated every q SAO spikes (φi = φi+q

and Ti = Ti+q) and p IF spikes (so pI = qT ). Locking is a periodic behavior, where the

“internal state” of the SAO returns to the same value after a period of q SAO and p IF spikes.

Basic plots contained q categories of phases, phase return maps q discrete clusters (all on the

diagonal for q th order maps), and power spectra showed significant peaks at the 1/q cycles/order

and its harmonics.

In a less restrictive sense also applicable to transients, if exactly p IF spikes occur for q SAO

intervals (p, q integers), the resultant behavior is termed p:q alternation [25, 27]. Subcategories
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of alternation are locking and also sliding, a nonstationary behavior in which the φi drift.

Intermittent is a descriptive term used for behaviors which often seemed locked at first, but,

upon closer examination, were revealed to be not quite periodic [27, 38, 39, 40]. This describes

the situation when apparently locked regimes are interrupted at irregular times by non-locked

deviations, and includes quasiperiodic behaviors, such as phase slidings and walkthroughs.

When the almost-locking was p : q, it was called “p : q intermittency”. Intermittency was

stationary in the long run, but not over short epochs. Intermittent return maps showed major

concentrations of marks near the diagonal and fewer elsewhere, corresponding respectively to

the almost periodic and brief aperiodic stages. Spectra showed broad bands with significant

peaks at the almost-locking frequency and its harmonics.

The third stationary (though aperiodic) behavior noted was described as messy, and included

both erratic (at low pacemaker driving rates below those causing 1:1 locking) and stammering

(at high rates above those causing 1:1 locking); the former hypothesized to be the work of

deterministic chaos [9, 41], and the latter the action of noise near the SAO firing threshold. In

erratic discharges, basic plots showed significant densities at wide ranges of intervals and phases.

Return maps were multivalued. Spectra had broad bands with moderate peaks, sometimes near

the frequencies of lockings nearby in parameter space.

Stammering, on the other hand, was an example of windowed behavior. In windowing,

the SAO was apparently able to fire only within a narrow range of time relative to IF spike

arrival. In pacemaker driving, all SAO intervals were essentially multiples of I , Ti ≈ k I , for

k ∈ {1, 2, . . .}, and all phases were close to either 0 or 1. Some windowings were locked

behaviors, with the SAO always firing after some fixed number of IF spikes. Others (such

as stammering) were aperiodic. For stammering, basic plots showed discrete categories of

intervals at k I for k = 2, 3, . . ., and all phases clustered near 0 or 1. Interval return maps

showed a gridlike pattern consistent with the hypothesis that interval sequencing was random.

Spectra were almost uniformly flat as in the power spectra of white noise.

Finally, hopping was a situation in which the SAO shifted occasionally from one type of

stationary discharge to another. This can be attributed to noise “bumping” a system among

several dynamical attractors [42]; each of which corresponding to a different type of behavior.

13



       

We currently have no basis for stating the cause of the shifts here.

2.2 Results

We will summarize the behaviors exhibited by the SAO in response to both types of inhibitory

input regimes by first describing the global (stationary) ones, and then, in sections 2.2.1 and 2.2.2,

briefly presenting examples of the major behaviors and their characteristic features.

In the context of this experimental preparation, global behavior refers to the arrangement of

behaviors along the inhibitor rate scale (1/I ), as the synaptic strength was not controllable by

the experimenter (and indeed, was acceptably constant across all preparations [7]). Specifically,

this section describes the order of different behavioral domains, the frequencies of occurrence

of different behavior types, and the sizes of certain individual domains [8]. This is especially

relevant for comparison to the global behavior analysis of the models in section 3.

One major feature of the global behavior is the alternation of locked and nonlocked behaviors

for increasing 1/I . Lockings are found at low p:q ratios (p being the number of presynaptic

spikes occurring during q postsynaptic ones), with p/q increasing as 1/I increases, something

frequently discussed in the literature [43, 37, 44, 24, 45]. Locked domains are separated by

nonlocked behaviors. These intervening nonlocked behaviors are not of one type; those nearest

a locking tend to be similar with respect to predominant intervals and frequency components.

Generally, the sequence of behaviors runs: p : q locking, p : q intermittency, messy, p′ : q ′

intermittency, and then p′:q ′ locking.

Below 1:1 locking, the messy behaviors were called erratic. At the low driver rates that

include this range (0.1 ≤ N/I < 0.9), the frequencies of occurrence of the different behaviors

were: lockings: 0.37, intermittencies: 0.13, and erratic: 0.18. The remaining fraction were

hoppings which may have included multiple behavior types. Above 1:1 locking, the stammering

type of messy behavior was found, with lockings representing 0.53, intermittencies 0.28, and

stammering 0.25 of the non-hopping responses in the high driver rate range of 0.9 ≤ N/I < 1.2.

As the samples used to compute these fractions were randomly chosen and uniformly distributed

within each of the two rate ranges, we consider this to be a means for estimating domain sizes.

Among lockings, the 1:1 domain was the broadest, followed by 1:2 and 2:1. More generally,
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between any two locking domains p1:q1 and p2:q2, the broadest locking region was determined

to be consistent with the mediant in a Farey sequence, p1 + p2 :q1 + q2 [46, 47].As p or q

increased, the width of the locking domain decreased.

2.2.1 Stationary Behaviors

An example of locking is shown in Figure 5. This is 2:5 locking, with 2 IF to 5 SAO intervals (3

of the SAO intervals in (A) are approximately equal) and 5 phases (B). The return maps in (C)

and (D) are of order 5, in other words, plots of Ti versus Ti+5 (C) and φi versus φi+5. Therefore,

all points on the diagonal (modulo the unavoidable noise) indicates repetition every 5. This is

further supported by the power spectra ((E) and (F)), which have peaks at 1/5 cycles/order (a

repetition every 5 intervals or phases being a frequency of 0.2) and its first harmonic, 2/5.

Figures 6 and 7 present two different walkthroughs, the first near 1:1 locking and the second

near 1:2. The basic intime and phasetime plots ((A) and (B), respectively, in both figures) reveal

that there is a typical number of interval or phase categories — 7 in Figure 6 and 15 in Figure 7.

the figures also show that these are not strict categories, that there is no apparent repetition, and

that any individual sequence of “steps” in one “cycle” may be composed of one or so more or

less than the “typical” number.

The interval return maps in (C) of both figures are multivalued, though they appear to have

very different distributions of points. Phase return maps (D) for both seem to approximate a

one-dimensional curve with a portion approaching the diagonal. The part near the diagonal

represents those phase categories which are grouped more closely together in (B).

Finally, the spectra of both intervals and phases (shown only for the walkthrough in Fig-

ure 6(E) and (F); similar results were found for the other walkthroughs) still have significant

peaks around the “near repetition rate” of 1/(number of steps) cycles/order (1/7 in the figure).

As previously mentioned, two types of “messy” behaviors were found: erratic at low

inhibitory rates (below 1 : 1 locking) and stammering at high rates (above 1 : 1 locking). A

typical erratic response is presented in Figure 8, which illustrates its seemingly random nature.

Basic plots of intervals (A) and phases (B) indicate that their distributions were not uniform —

certain intervals and phases are preferred to a certain extent (horizontal stripes where density
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Figure 5: Locked response of SAO at p:q = 2:5. Intorder (A) and phaseorder (B) plots show
repetition. Interval (C) and phase (D) return maps of 5 have all points clustered on the diagonal
(Ti = Ti+5 and φi = φi+5). Power spectrum of phases has significant peaks at 1/5 and 2/5
cycles/order. (1/N = 7.8Hz, N/I = 0.38) Adapted from [7].
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Figure 6: Walkthrough response of SAO just below 1:1 locking. Intime (A) and phasetime (B)
plots show one category of intervals and phases progressing along approximately 7 steps. Inter-
val (C) return map has “circular” shape. Phase (D) return map approximates a one-dimensional
curve in the plane. Interval (E) and phase (F) power spectra have broad band noise with peak
at 1/7 cycles/order. (1/N = 8.5Hz, N/I = 0.72) Adapted from [7].
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Figure 7: Walkthrough response of SAO just below 1:2 locking. Intime (A) and phasetime
(B) plots show two categories of intervals and phases (one long and one short) progressing
in approximately 15 steps. Interval (C) return map is ‘L’-shaped. Phase (D) return map
approximates a one-dimensional curve in the plane. (1/N = 6.5Hz, N/I = 0.44) Adapted
from [7].
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Figure 8: Erratic response of SAO. Intime (A) and phasetime (B) plots show weakly preferred
intervals and phases. Interval (C) and phase (D) return maps are complex and noninvertible.
Interval (E) and phase (F) power spectra have broad bands with peaks. The lower plot in (E) is
of control, natural discharge. (1/N = 7.8Hz, N/I = 0.48) Adapted from [7].
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Figure 9: Stammering response of SAO. Intervals (A) are “quantized” in this windowed re-
sponse, while phases (B) are all near the inhibitor interval, I = 0.055. Interval return map (C)
shows “grid” structure, while interval power spectrum (D) is acceptably flat (natural discharge
shown in lower plot). (1/N = 14.4Hz, N/I = 1.26) Adapted from [7].

of points is higher), and others are almost always avoided. Neither of these observations is

enough to distinguish between a stochastic and a deterministic source for the unpredictability

(“messiness”) of the response, however.

The return maps in Figure 8(C) and (D) strongly suggest a deterministic source for this

messiness. They are complex and non-invertible, but they do show that one interval or phase

is not independent of the previous, and that any noise effect does not appear to be greater

than in return maps for other behaviors. Certain parts of the data could arguably be fitted by

one-dimensional curves — that for the phases with a maximum near φi = 1. Additionally,

the power spectra in (E) and (F) consist of broad bands with significant peaks. All of this is

consistent with the conclusion that erratic behavior is chaotic, and this is the subject of ongoing

work [41].

Similar considerations (distinguishing between stochastic and chaotic responses) governed

the analysis of stammering behavior, this time with the opposite (provisional) conclusion.

Figure 9 present basic plots (A and B), the interval return map (C) and interval power spectrum

(D). The phase return map (not shown) had all phases near φi ≈ φi+1 ≈ 1, and its power
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spectrum was not significantly different in appearance than that for intervals. We see in the

intorder and phaseorder plots the basic feature of this windowed behavior: all intervals are

effectively quantized at multiples of the input interval, I , and all phases are near 1. The “grid-

like” interval return map shows that any interval could precede or follow any other, to a great

extent. And the interval spectrum is essentially flat — though different than the control, natural

discharge, it is consistent with a stochastic process.

This evidence has led to the conclusion that stammering is a reflection of the action of noise

near the firing threshold of the SAO. Such interaction of noise and system dynamics, including

among other things stochastic resonance, has been noted with respect to neural information

processing (for example, [48]).

2.2.2 Transient Responses

Our summary here is greatly abbreviated, including two examples of trendy transient driving, a

prolonged, slow, accelerating ramp and a short, fast, decelerating sine. However, these two serve

to illustrate the major points with respect to such driving, namely: the occurrence of the same

stationary behaviors, the lack of faithful inverse input/output rate relationships, nonmonotonic

output rate changes in response to monotonic input changes, and the sequence of behaviors

along the rate scale.

Figure 10 is from a prolonged, slow transient. In (A), we see that the presynaptic rate changed

linearly from its start to its end, while in (B) the change was anything but linear. Consistent

with the inhibitory nature of the synapse, the overall trend in the postsynaptic discharge was

decreasing — the opposite of the input change. However, there are at least 3 paradoxical

segments, where the output rate increased in response to increasing input rate, and these segments

occupied a substantial portion of the transient. Referring now to the pooled graphs (C and D), we

note sudden changes of pattern along the input rate scale (time along the transient translating to

input frequency in a straightforward manner). These changes correspond to abrupt shifts from

one SAO behavior to another, or bifurcations. Most of these behaviors were seen with pacemaker

driving, the sequence being (for increasing input rate): uncertain, erratic, 1:2 alternation, 2:3

alternation, 1:1 alternation, uncertain, 2:1 alternation, intermittent, and stammering.
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Figure 10: Response of the SAO to a prolonged, slow transient (〈 ramp; 31.1s; 0.60, 25.64/s;
2.80/s2〉). Transient histograms show presynaptic (A) and postsynaptic (B) rate as a function of
times along the transient. Pooled graphs of intervals (C) and phases (D) include abrupt changes
from one discharge type to another (bifurcations). Adapted from [11].
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Figure 11: Application of a short, fast transient (〈 sine; 0.245s; 12.65, 2.91/s; -39.76/s2〉).
Presynaptic (A) and postsynaptic (B) transient histograms and interval (C) and phase (D) pooled
graphs are shown. Adapted from [11].
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In Figure 11 we see the results from a different transient, representative of short fast ones.

For these, the SAO rate response lagged behind the input, as can be seen in (B) where the

bottom occurs after the peak in (A), and the peak occurs after the bottom in (A). However, the

behaviors found and the bifurcations between them are like those in the prolonged cases (and

therefore the stationary). The primary effect of faster input rate change was to increase the

domains of irregular discharges. In the figure, the sequence of behaviors was: stammering,

silence, intermittent, erratic, uncertain, erratic, and intermittent.

Generally speaking, the slope of the input rate transient depends not only on its span, S,

but also on its range, Ib − Ie. Large ranges tend to saturate the SAO, shutting it down, so the

extreme input values are important. On the other hand, small ranges, might be within a single

SAO behavior.

In no case were we able to find transients that produced faithful inverse input/output rela-

tionships, as one might naively expect to be the coding of an inhibitory synapse. The result

was that, though transients were monotonic, outputs were non-monotonic and exhibited a wide

variety of behaviors. This apparent lack of faithful coding is an important open question with

respect to neural computation.

3 The Synapse as the Element of Computation

Here we examine the responses of two different kinds of single-synapse models to pacemaker

input in the same manner as the SAO, and evaluate how well they approximate those seen in

the SAO [9, 10]. The main conclusions are that the simpler models do not produce the same

qualitative behaviors as the more complex one or the living preparation, and that the more

complex model approximates the SAO quite well, even predicting certain behaviors later found

in the SAO data. Therefore, if these behaviors are important computationally (the answer to

that currently unknown), then fairly complex neural models (compared to those typically used

in Artificial Neural Networks) are seemingly necessary.

This section begins with brief descriptions of both the phenomenological and structural

neuron models used. The analysis methods used (beyond what was introduced in section 2.1.3)
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are introduced. Finally, we present illustrative examples of simulation results.

3.1 The Leaky Integrator Models

The leaky integrator model is a simple model of an excitable cell [49, 50, 51, 52, 53, 26], with

two state variables: a potential, p, and a firing threshold, h, as illustrated in Figure 12(A). Both

p and h follow exponential time courses, with time constants τp and τh , from their respective

reset values, p0 and h0, towards asymptotic values p∞ and h∞. When p > h, the cell “fires”,

and p and h are reset to p0 and h0. Driving of such a system is typically accomplished by

adding step perturbations to p. Here, the step height and spacing are the control parameters.

Resulting behaviors include phase locking and quasiperiodicity, with lockings found at many

rational rate ratios, and quasiperiodic behaviors at irrational ones.

To see if the SAO behaviors could be reproduced, we examined two modifications, which

we called the modified leaky integrator and the extended leaky integrator. These provide more

realistic input PSPs, nonlinear PSP summation, and a greater element of long-term “memory”.

3.1.1 The Modified Leaky Integrator

As proposed by Perkel [51], more realistic PSPs were modeled by the sum of two exponentials,

as in equation (1), where PSPj(t) is the jth PSP’s contribution to the membrane potential, Kj

determines the PSP amplitude, sj is the time of arrival of the jth PSP, τ+ is the rise time constant,

and τ− is the fall time constant.

PSPj(t) = Kj

(
e(sj −t)/τ+ − e(sj −t)/τ−

)
(1)

Nonlinear PSP summation is a result of, among other things, the difference between

the membrane potential and the PSP reversal potential, which partly determines ionic flow

and therefore PSP amplitude. This is expressed by equation (2), where g
(

p(sj); preversal

) =
mPSP

[
p(sj) − preversal

]
, A is the control parameter determining synaptic strength, and mPSP

scales the PSP according to the difference between p(sj) and the PSP reversal potential, preversal.

Thus, g(•) provides a gradation of PSP amplitude based on the assumption that it is zero at
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p = preversal, and that it scales linearly with changing p [54].

Kj = Ag
(

p(sj); preversal

)
(2)

We keep track of several recent PSPs, and include their summation in the membrane potential

equation (3).

Threshold resetting takes into account (to some extent) long-term adaptation of neuron

activity to sustained input, as shown in equation (4), where h′
0 is the resetting value of the

threshold — it is incremented by �h from its value at firing time (ti ).

p(t) = p∞ + (p0 − p∞)e(ti −t)/τp +
∑

j

PSPj(t) (3)

h(t) = h∞ + (h′
0 − h∞)e(ti −t)/τh (4)

h′
0 = h(ti) + �h (5)

Figure 12(A) shows the waveforms produced by a simulation of the modified leaky integrator

model. The upper trace is h, the lower is p, while APs are indicated by vertical marks across

the x axis. Note that h∞ < p∞, so the model fires as a pacemaker when undisturbed.

3.1.2 The Extended Leaky Integrator

The extended leaky integrator model focused on the firing threshold time course as a mechanism

for longer-term variation in neuron behavior, by adding a “refractory period” before the threshold

begins to decay [51], and by changing its asymptotic behavior to allow for adaptation to sustained

input. Figure 12(B) shows a trace from a simulation, and equation (6) summarizes the changes,

where δ is the length of the refractory period (during which h(t) = h′
0) and mh is the slope of

the asymptote. By having an asymptote with a slightly negative slope, we can model the effects

of habituation to inhibitory inputs, where a pacemaker subjected to an input rate sufficient to

stop it from firing initially will eventually begin to fire again.
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Figure 12: Modified (A) and extended (B) leaky integrator simulations. In both (A) and (B),
the upper traces are threshold (h), lower are membrane potential (p). Large vertical marks (ap)
across the x axis indicate AP times. In both graphs, a single inhibitory PSP (ipsp) is shown at
t = 100, marked by a short vertical line across the x axis. The extended leaky integrator (B)
adds a “refractory” period to h just after an AP, and an asymptote for h (mh) with a nonzero
slope. Adapted from [9].
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Figure 13: This diagram schematizes the different voltage-dependent and externally-controlled
membrane ion channels in the permeability-based model. Adapted from [10].

h(t) =

 h′

0 ti ≤ t ≤ ti + δ

h∞ + [
h′

0 − mh(t − ti − δ) − h∞
]

e(ti +δ−t)/τh t > ti + δ
(6)

3.2 The Ionic Permeability Model

The physiological model chosen was initially developed by Edman, Gestrelius, Grampp, and

Sjölin for the lobster SAO and FAO (fast adapting stretch receptor organ) [55, 15, 16, 56, 13, 14].

A modified version of their model is schematized in Figure 13, which shows “channels” through

a lumped representation of cell membrane. Ionic fluxes are explicitly represented, and regulated

by membrane permeabilities, shown as openings through the membrane in the figure. Two of

these fluxes, Na+ and K+, are controlled by voltage-sensitive permeabilities, PNa and PK. Three

leakage permeabilities, PL,Na, PL,K, and PL,Cl, present constant pathways for Na+, K+, and Cl−

fluxes, respectively. Two active pumping pathways, Ip,Na and Ip,K work to maintain internal

ionic concentrations. As in the Hodgkin-Huxley model [57], the membrane has an associated

capacitance, Cm , and the plus and minus signs show the polarity for measurement of Vm .

To the left of these channels are two additions to the basic model — a bias current which

reproduces the pacemaking behavior of the living cell, and a synaptic channel. Inputs from the

presynaptic cell cause fixed-duration changes in the synaptic permeability, Psyn, to Cl−[54]. As

this model is permeability based, ionic fluxes are dependent not only on the membrane potential,

but also on the transmembrane concentration differential. The membrane potential equation is

presented in equation (7), where the currents IX (for type X ) are computed from ionic fluxes as

shown in equations( 8) through (11).
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dVm

dt
= −(INa + IK + IL,Na + IL,K + IL,Cl + Ip + Ibias + Isyn)/Cm (7)

INa = AP̄Nam2hl
Vm F2

RT

[Na+]o − [Na+]i exp FVm/RT

1 − exp FVm/RT
(8)

IK = AP̄Kn2r
Vm F2

RT

[K+]o − [K+]i exp FVm/RT

1 − exp FVm/RT
(9)

IL,X = APL,X
Vm F2

RT

[X ]o − [X ]i exp(FVm/RT )

1 − exp(FVm/RT )
(10)

Ip = AF

3

J̄p,Na(
1 + Km

[Na+
]i

)3 (11)

Here A is the cell membrane area, the PX are the maximum permeabilities, F is the Faraday

constant, R is the universal gas constant, T is absolute temperature, and m, h, l, n, and r are

gating variables similar in concept to those of the H-H model. The variables m, h, and l are

the fast activation, fast inactivation, and slow inactivation, respectively, for PNa. For PK, n is

fast activation, and r is slow inactivation. The pumping mechanism exchanges 3 Na+ ions for

2 K+ in equation (11), where J̄p,Na is the maximum Na+ pump capacity, Km is a constant, and

the factor of 1/3 is the net effect of the 3:2 pump ratio. Further model details can be found in

[14, 9].

An example simulation display is presented in Figure 14, where the upper graph shows

Vm and the lower the three ionic currents. In both graphs the vertical line marks the time that

Vm = 0, which is recorded as the output time. This display is the result of plotting these values

at each time step that the evaluation function was called by the integrator [58], so the variable

integration step size results in “dotted lines” where things change slowly and the step sizes are

large.

3.3 Analysis and Simulation Methods

For a detailed description of the methods used, see [9]; this section is a brief supplement to 2.1.3.

As with the SAO, simulation output was assimilated to point processes ti and sk . For the leaky
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Figure 14: Display of membrane potential (top) and ionic currents (middle) for permeability
model. Time axis for all graphs is identical. Adapted from [9].

integrator simulations, the ti are trivially arrived at, as AP generation in these models is a discrete

process. For the permeability model, an arbitrary membrane potential threshold, 0V, was used

for AP detection. For all models, the PSP times sk are determined from simulation parameters.

The analysis techniques described in section 2.1.3 were applied to the resulting point pro-

cesses. Additionally, for these models we emphasized the use of Arnol’d Maps. These are

a type of two-dimensional bifurcation diagram, displaying system behavioral category versus

two parameters — input interval I (normalized as N/I ) and input amplitude (A for the leaky

integrators, P̄syn for the permeability model). For our purposes, it was sufficient to show just

the locked behaviors.

Figure 15 illustrates the algorithm for constructing an Arnol’d map:

1. The two ranges of input amplitudes ((P̄syn)i ) and frequencies ((N/I )j ) are broken down

into steps, and a complete simulation is performed for each combination of (P̄syn)i and

(N/I )j .

2. After each simulation is complete, the resulting stationary behavior was tested against a

set of locking ratios [59].

3. If it tests positive for any of those ratios, then the rectangular portion of the graph is

colored black.

30



Normalized Frequency

0.5 1.0 1.5 2.0 2.5 3.0 3.5

3.0

2.7

2.4

2.1

1.8

1.5

1.2

0.9

0.6

0.3

A

for each Amplitude
for each Frequency

① Simulate

➁ for each locking ratio
Construct return map
Check dispersion from diagonal

endfor

➂ if locking found then
Color point in (F,A) plane

endif
endfor

endfor

4:3
3:2
5:3

0 1
0

1

PHASE i

P
H

A
S

E
 i+

2

Figure 15: An Arnol’d map is constructed by iteratively performing simulations within a range of
frequencies and amplitudes, classifying the results, and coloring the map accordingly. Adapted
from [9].
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The leaky integrators are models based on explicit expressions of the state variables as func-

tions of time, while the permeability model is constructed as a system of nonlinear differential

equations. Correspondingly, two different simulation methods were used. For the explicitly de-

fined models, the values of the state variables were computed directly from the model equations.

AP times were computed using either a fixed-time-step algorithm or by dividing the function

p(t) − h(t) into monotonic segments and using a standard root finding algorithm [60].

For the permeability model, a public-domain ODE integrator package, LSODAR, was used

[58, 61], which is designed for stiff systems. Additionally, we “instrumented” the simulations

for AP detection, by testing for roots of Vm(t) while integrating the model equations.

3.4 Simulation Results

The method used was to first examine the global behavior of the model through the Arnol’d

map. If feasible, attempts were also made to explore the effects of varying different model

parameters. As we can only look at a finite number of locking ratios, it was decided to use the

ratios 1:2, 3:5, 2:3, 3:4, 1:1, 4:3, 3:2, 5:3, and 2:1 in most Arnol’d maps. From that starting

point, more detailed analysis could made for PSP frequencies and amplitudes that correspond

to regions of interest within the maps.

Figure 16 presents representative Arnol’d maps for the modified and extended leaky integra-

tors under inhibitory input. Arnol’d maps were originally produced for a thorough investigation

of a range of τh in the case of the modified leaky integrator, and ranges of τh , δ, and mh for

the extended version, which was considered to be an essentially complete exploration of the

global behavior of this model. Parameters were chosen so the timing and amplitude details

were close to those observed in the living preparations. For these maps, 0.25 ≤ N/I ≤ 2.0

and 0.0 ≤ A ≤ 3.0. This more than covers the range of plausible inputs to a real neuron, as

A = 2.0 corresponds to an approximately 40mV PSP.

There are several important features of these maps to note. First of all, we see typical tall,

narrow locking tongues, each “anchored” (as A → 0.0) at the rational number that corresponds

to its locking ratio, p/q. As A → 0.0, the input has essentially no effect on the output, and

therefore “locked behavior” is only detected when the input interval exactly matches the desired
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Figure 16: Representative Arnol’d maps for inhibitory input to the modified (A) and extended
(B) leaky integrators. Adapted from [9].
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ratio — the “locking” is essentially coincidental.

Additionally, note that the tongues “lean” to the left. This matches our intuition about

inhibitory inputs: as we increase input strength, we expect to be able to force locking at lower

and lower frequencies, but we wouldn’t expect to cause locking at higher ones.

In the case of both inhibitory and excitatory inputs, these results were consistent with the

existence of lockings at all rational p/q, with tongue widths related to the locking’s order in a

Farey sequence. No behaviors were found for the modified leaky integrator that were qualita-

tively different than that for an integrate-and-fire model with step inputs. It was hypothesized

that this might be a result of the resetting behavior of the model, which essentially erases all

“memory” of the effects of previous inputs at the time an AP is produced. Therefore, the ex-

tended leaky integrator was developed in an attempt to add more long-term effects. A typical

Arnol’d map is in Figure 16(B).

Despite these changes, no behaviors other than locking or quasiperiodicity were found for

this model either. Nothing has shown that either model will produce the complex, aperiodic

(perhaps chaotic) behaviors that the living preparation will. Additionally, h is not a directly

observable quantity — it is a statistical description of the cell’s readiness to fire. Therefore, it

was desirable to “move on up” to physiological models, the structure of which can be related

directly to ionic flows and channel dynamics in real neurons.

3.4.1 Permeability Model

As with the leaky integrators, a number of simulations were performed to construct Arnol’d

maps, indicating regions containing selected lockings in the (driving frequency, driving ampli-

tude) plane. In this case, the driving amplitude is changed via the maximum synaptic perme-

ability, P̄syn. The map for IPSPs is Figure 17; non-locked behaviors occur in the cross-hatched

regions. A sparse exploration (compared to the leaky maps) of the (N/I, P̄syn) space was

performed, approximately 20 points across and 30 down, for a total of about 500 simulations

for each map. The figure indicates only the approximate boundaries between points classified

differently. This method was chosen to avoid the misleading appearance that the plane had been

densely explored. Unlike the leaky simulations, the permeability simulations take a consider-
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Figure 17: This graph shows the borders of selected locking behaviors for inhibitory input to
the permeability model. Adapted from [10].

able amount of computer time, and therefore the separation between points examined is at least

as great as the size of some of the features of interest.

Despite the sparseness of the sampling, there are several features worthy of note. With

inhibitory input the model can be shut down if the input frequency is too high. Additionally,

locking tongues tend to narrow at low and high amplitudes (this is noticeable primarily for the

1:1 tongue), the former the result of increasing number of non-locked behaviors, and the latter

the “squeezing” of the range of frequencies within which the neuron will produce any output

at all.

With this map as a guides, individual (N/I, P̄syn) pairs were explored, to locate behaviors

which might correspond to those exhibited by the SAO.

Walkthroughs In the case of periodic IPSP stimulation of the permeability model, two differ-

ent type of apparently quasiperiodic behavior were found, though they may represent extremes

of a range of behaviors. Figure 18 shows a simulated walkthrough just above 1:1 locking, with

two preferred intervals (A) and six phase categories (B). This is strikingly similar to that seen
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Figure 18: Walkthrough intervals (A, C, E) and phases (B, D, F). Intime plot (A) shows preferred
minimum and maximum intervals. Phases (B) skip between 6 different categories, which walk
through the range of values. Interval return map (C) is “circular”. Phase return map (D) shows
1-D curve. Periodograms (E and F) have peaks showing contributions from at least two different
frequencies. (N/I = 0.7, I = 0.149s, P̄syn = 5.0 × 10−9cm/s). Adapted from [9].
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Figure 19: Walkthrough intervals (A and C) and phases (B and D). Intime plot (A) shows
preferred minimum interval. There are two classes of phases (B) which predominate (φ = 1 ≡
φ = 0), with less numerous ones between. Interval return map (C) is ‘L’ shaped with “elbow”
on the diagonal. Phase (D) return map shows continuous curve. (N/I = 0.5s, I = 0.209s,
P̄syn = 6.0 × 10−9cm/s). Adapted from [9].

for the SAO in Figure 6.

Figure 19 shows information about intervals and phases for another walkthrough just above

the 1:2 locking region. We see a strongly favored minimum interval, and phases which alternate

between two different categories and slowly drift upward.The plots in Figure 19 compare very

closely with those from the SAO in Figure 7. In both cases, the interval return maps are ‘L’

shaped, with the elbow on the diagonal, indicating a preferred minimum interval that precedes

and is preceded by any other in a certain range. Additionally, the phase return maps contain

points which fall along a one-dimensional, invertible curve that is similarly shaped in both cases.

Erratic In the SAO, two different types of unpredictable (or “messy”) behaviors were iden-

tified: erratic and stammering. In the permeability model, “erratic-like” responses have been

noted for PSP frequencies just above 1:1 locking, an example of which is in Figure 20. In the
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Figure 20: Erratic intervals (A, C, E) and phases (B, D, F). Intime (A) and phasetime (B) plots
show multiple preferred values, with significant, intermittent departures. Interval return map (C)
is multivalued and complex, while phase return map (D) is non-invertible. Periodograms (E and
F) have broad bands and significant peaks. (N/I = 1.0, I = 0.104s, P̄syn = 2.0 × 10−8cm/s).
Adapted from [9].
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Figure 21: Stammering intervals (A, C, and D) and phases (B). Intime plot (A) shows accel-
eratory effect of inhibition and extreme intervals which are multiples of driver. There are two
classes of phases (B). Interval return map (C) indicates that short interval can follow any other,
and that all others are followed by short interval, and periodogram shows aperiodic nature of
the behavior. (N/I = 0.8, I = 0.130s, P̄syn = 7.0 × 10−7cm/s). Adapted from [9].

intime (A) and phasetime (B) plots, we see that there are several preferred intervals and phases,

with a smaller number filling the space between. This is similar to the erratic SAO behavior, and

resulted in complex return maps (C and D). The interval return map could be considered either

‘L’-shaped or “triangular”, with significant additional clusters of points. Structure is apparent

even without magnification, and the map contains features common to several experimental

setups, including the general ‘L’ shape with additional disjoint clusters seen in the SAO [7].

The tentative conclusion of the chaotic nature of this behavior is supported additionally by

the periodograms in Figure 20(E and F), each of which has significant peaks and broad bands.

Stammering Figure 21 corresponds to a multiple-window type of stammering, apparently

where two windows are available during which the neuron is capable of firing. This could be

considered to be the result of the complex nature of excitability fluctuation after IPSP arrival
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and AP generation, and in fact a similar type of stammering was subsequently found in the SAO

data [10].

In the figure we see the two windows in the phasetime plot (B), one around the time of arrival

of the IPSP, and the other longer phase. Every time the model fires, it fires twice. For the most

part, there are three classes of intervals (A), the shortest being that between APs not separated

by IPSPs, the middle from a late phase AP to an early phase AP where they are separated by

two IPSPs, and the longest interval corresponding to a late phase AP separated by three IPSPs

from an early phase AP. The model will fire either two or three IPSPs after the last time it

fired, and the resultant behavior is not regular, as evidenced by the interval return map (C) and

periodogram (D).

Though it had been previously concluded that stammering in the SAO is the result of noise,

more detailed analysis of the permeability model’s behavior suggested that there may be an

underlying deterministic process which is being “washed out” by the noise. The significance

of this is currently only a matter of conjecture.
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4 Networks: Gateway to Behavior

Neuro Bio Clusters (NBC) deals with the problem of implementing biological parameters. We

believe that knowledge of connectivity and synaptic weight alone is not sufficient to account

for the operation and capabilities of biological neural networks [62]. Thus, we took into

consideration in our approach (which we recognize as still fundamentally too reductionist)

some of the cellular and synaptic biological parameters. NBC simulates an arbitrary number

of neural networks linked together through adjustable connections. This is done in an object-

oriented manner, in which each neuron is an object with its own parameters, connections, and

record of past activity. NBC has already been used in investigations of rhythmic firing in small-

to-medium-sized networks of cells. Results indicate that feedback loops with relatively long

delays may be important for generating such activity, and emphasize the dramatic effect of the

interconnections’ temporal dimension on the network’s dynamic mode activity [63].

Since simple models, such as the leaky integrators, cannot capture the full complexity of

neural activity, a great deal of emphasis was placed on the choice of dynamical neural models

available to the user. According to the number of units, the needed precision of the simulation,

and the problem under study, it is possible to choose between two models: a simple, fast

phenomenological model (modified from the leaky integrators discussed in section 3.1), and a

structural, slower one, based on conductance variations in different ionic channels (similar to

that presented in section 3.2).

The basic concept used in NBC is the neural cluster, illustrated in Figure 22. A cluster

is defined as a group of neurons which have the same membrane properties and intracluster

connection rules. Clusters are connected to each other according to intercluster connection

rules, which are defined when the neural network is “built”. Both intracluster and intercluster

connection rules are defined by their sign (excitatory or inhibitory, or a random mix of both, or

no connection at all), weight (a range of “synaptic knob numbers”), and their delay (time for an

AP to propagate along the connection, chosen from a gaussian distribution with specified mean

and standard deviation).
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Figure 22: The cluster concept.

4.1 Neuron models

NBC’s phenomenological model is a slight modification of the modified leaky integrator de-

scribed in section 3.1 containing an additional post-AP membrane shunt, so that equation (3)

becomes equation (12), where τsh is the time constant for the post-AP shunt.

p(t) = p∞ + (p0 − p∞)e(ti −t)/τp +
∑

j

[
PSPj(t)

(
1 − e(ti −t)/τsh

)]
(12)

NBC’s conductance model is an updated version of the Hodgkin-Huxley model with the

addition of a large selection of currents that cross the cell membrane. Two inward, five outward

and one leaky currents were implemented in NBC:

INa the inward current responsible for the increasing spike phase.

ICa the inward current (smaller and slower than the sodium current) which is important during

long-lasting depolarizations.

IK the delayed rectification outward potassium current which is responsible for the post-AP

membrane repolarization.
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IM the non-inactivating, slow potassium outward current which acts as the delayed rectification

outward potassium current and allows for neuron sensitivity tuning and bursting.

IA the transitory potassium outward current.

IAHP the calcium dependent, voltage independent potassium outward current which is respon-

sible for slow post-hyperpolarization. It is activated after each spike with calcium inflow

during membrane repolarization, and post-spike transient hyperpolarization deactivates

it. This current is long lasting and sums up during successive action potentials to inhibit

spiking due to strong hyperpolarization.

IC the calcium dependent, voltage dependent potassium outward current which is responsible

for rapid post-hyperpolarization. It increases membrane repolarization speed during

action potentials, and leads to a shortening of the interspike gap.

Ileak the leakage current which corresponds to the undetermined ions, among them the impor-

tant Cl−ion. It represents to some extent the background membrane conductance that

determines the resting membrane potential.

Other currents have been described, such as INaP and Ih (or Iq), [64, 65], but they are

not yet implemented in NBC. The currents are modeled using the dynamics of their activa-

tion/inactivation constants. We used the Hodgkin-Huxley formalism, in which currents depend

upon a gating particle (m) controlling the channel activation and a gating particle (h) controlling

the channel inactivation.

The resulting membrane potential evolution is given by the classical equations:

dV

dt
= Ii(t)

Cm
(13)

Ii(t) = gK(t)(Vm(t) − EK) + gNa(t)(Vm(t) − ENa) + · · · (14)

The integration method used in NBC was directly derived from those proposed by McGregor

[66].
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4.2 Connections

4.2.1 Connections between neurons

Each neuron, whichever model is chosen, acts on others via an axon whose length, diameter,

transmitter release, etc. are reflected by the delay between the AP in the emitting neuron and

the PSP in the receiving neuron. Their characteristics, namely their amplitude and attack and

decay time constants, depend on the membrane on which the postsynaptic receptor lies and are

consequently characteristic of the destination neuron. These three parameters can be adjusted

separately, and are modeled as modifications of the membrane potential in the phenomenological

model, as described in section 3.1.

In the conductance model, PSPs are modeled by a synaptic current Isyn through the addition

of a supplementary conductance gsyn computed in equation (15, where ḡsyn represents the desired

maximum conductance of the PSP.

gsyn(t) = ḡsyn

(
e(sj −t)/τp − e(sj −t)/τn

)
(15)

The synaptic weight between two connected neurons is modeled by the number of synaptic

knobs at the axon terminal. A global, random noise input can be imposed upon the membrane

potential, representing the commonplace extrinsic influences impinging upon networks, rarely

isolated from other neural activities. All of these parameters can be adjusted individually for

each neural cluster (in which all neurons share the same properties).

Inside each neural cluster, the units can be connected together through either all excitatory,

all inhibitory, or both excitatory and inhibitory synapses. The weight of the connections (which

for simplicity’s sake we equate with the number of synaptic buttons), is distributed using a

uniform distribution. If both excitation and inhibition are chosen, the sign and weight of the

synapses are also randomly distributed. The inter-neural transmission delay, a major parameter,

can be adjusted in order to take into consideration the anatomical and synaptic constraints found

in Nature. The inter-neural delay in a given cluster is computed from its user defined mean and

standard deviation.
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Figure 23: The inputs to the neuron in NBC.

4.2.2 Connections between clusters

The synaptic organization of the network is imposed initially by a random-number generator,

and summarized in a connection matrix [Wi j ] of coupling strengths where in general, Wi j �= Wji .

Let �t be the minimal discrete time for signal transmission from one neuron to another (1 ms

in NBC). Then the signal sent at time t from neuron i reaches neuron j within a variable time

interval (t + k�t), where k is a positive integer and k�t thus represents the transmission time

in milliseconds. Thus, the factors of axon length and chemical transmission are represented by

their temporal effect on the delays of data transmission. The parameter k is a positive integer,

1 ≤ k ≤ d, for some given maximum d compatible with the modeled biological network.

The state of the network at time (t + k�t) depends on the state at time t , the connection

matrix Wi j , the delay matrix [Di j ], the chosen model type, and the unit threshold and membrane

potential or the conductance dynamics. This can be represented symbolically by equation (16)

for the phenomenological model and by equation (17) for the conductance model, where θ [•]

is the Heaviside step function, As(t, τp) is the accumulated signal in the soma, Thi(t, τh) is the

threshold of neuron i , τh and τp are the threshold and potential time constants, B the background

noise from the environment, SP is an empirical voltage threshold to decide if an AP was or was

not fired, and Xi(t), i = 1, . . . , N , constitutes the network state vector.
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Xi(t + k�t) = θ

[(∑
j

wi j xj(t) + As(t, τp) + B

)
, Thi(t, τh)

]
(16)

Xi(t + k�t) = θ

[(∑
j

wi j xj(t) + As(t, τp) + B

)
, SP

]
(17)

The units of one cluster can be connected with the units of any other cluster through either all

excitatory, all inhibitory or both excitatory and inhibitory synapses. The characteristics of the

connections between clusters can be adjusted exactly as those between units (i.e. sign, weight,

and mean and standard deviation of delay).

4.2.3 Connections with the external world

The activity of neurons external to the simulated network of clusters is also simulated by pre-

senting an additional permanent background gaussian noise, whose mean activity and variability

can be adjusted separately for each cluster. Stimulation can also be simulated in order to mimic

actual neurobiological experiments.

4.3 Temporality in NBC

The interneuron transmission delay is an important parameter in NBC, and can be adjusted

to take into consideration the anatomic and synaptic constraints found in nature. Additional

facilities are provided for changes in connections and the external milieu over time:

Temporal modification of synaptic weights NBC offers the capability to apply a Hebbian

learning rule whose parameters are adjustable in order to account for a learning pro-

cess.

Temporal control of the network environment As NBC was primarily developed to study

how information is processed by randomly connected neural networks, it is possible

to inject “information” into the net to study how it responds. It is thus possible to

momentarily suspend the network evolution to modify au vol the external input feeding one
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or several clusters. Similarly, it is also possible to modify some anatomical characteristics,

such as a connection between two clusters (mimicking a lesion), or electrical properties,

such as membrane potential or firing threshold (mimicking pharmacological effect of

drugs).

4.4 User interface

The man-machine interface allowing data input and interaction with the program is done through

either menu driven screens or a Xwindows/Motif graphical user interface. Both are user-friendly

and attempt to be “idiot proof” so the experimenter can concentrate on his simulation process

and not on the program itself. During parameter choice, visual feedback is provided to prevent

most input errors. Simulation parameters are always retained in files and act as default values

to ensure that only necessary parameters from one simulation to another need be modified.

5 A Clockwork Neuron

Our purpose in constructing formal models is twofold: to reduce a neuron to the essential

components which produce its complex behaviors (this objective is shared with simulation)

and to bridge the gap between the phenomenological description of such behavior and formal

computational properties. In this section, we present a modification of previous oscillator-type

models of neuron activity which will hopefully provide greater behavioral fidelity while at the

same time retain their simplicity.

5.1 Fundamentals of neuronal excitability and oscillations

Information in the nervous system is transmitted by a succession or train of action potentials

(spikes), produced by nerve cells and propagated across synaptic connections. Hence, infor-

mation transmission can be equated at some level with neural coding or encoding. As we have

seen in previous sections, synaptic inputs to a pacemaker neuron disturb its rhythmic firing and

modulate its interspike intervals.
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5.2 What is the key factor for constructing faithful models of pacemaker

neurons?

It is possible to regard a pacemaker cell as a dynamical system; a nonlinear oscillator with a

stable limit cycle. The behavior of pacemaker neurons exposed to periodic inputs has been

studied using coupled master and slave oscillators. Parameters such as oscillation period I of

the master oscillator (period of input) and the amplitude of the nonlinear coupling, synaptic

strength A can be varied systematically.

We investigated the response characteristics of a Bonhoeffer-van der Pol (BVP) oscillator

to periodic pulse trains, following recent investigations [7, 8] in pacemaker neurons of slowly

adapting stretch receptor organs of crayfish. Both results are comparable and complementary

[67].

5.2.1 Responses of the BVP oscillator to periodic pulse trains

The Bonhoeffer-van der Pol (BVP) model was proposed by [68], to study the neuron’s responses

to periodic stimuli [69, 67]. The BVP model is expressed as


 Ẋ = c(X − X 3/3 + Y + Z)

Ẏ = −(X + bY − a)/c,
(18)

where X denotes the membrane potential with reversed sign, Y the refractoriness, and Z the

intensity of an applied current. This system of differential equations is a simplified version of

the Hodgkin-Huxley equations, and imitates well its behavior in the phase plane. The solution

of equations (18) mimicks neuronal activity if parameters a, b, and c are set as follows:

1 − 2b

3
< a < 1, 0 < b < 1, b < c2. (19)

When Z is in a suitable range and is an invariant bias, equations (18) have a unique stable

limit cycle. Figure 24 illustrates this limit cycle along which the state point rotates clockwise.

Certain curves in the figure are isochrons (see [70]); all points on one isochron have the same

isochronal phase, in the sense that all behave in the same manner into the future. The isochronal
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Figure 24: Phase plane diagram for the Bonhoeffer-van der Pol equations. Limit cycle,
nullclines(Ẋ = 0 and Ẏ = 0), and a perturbed cycle are indicated. Other lines are isochrons.

phase of the point x = (X, Y ) in the phase plane is represented by the map τ(x). If a point y is

on the intersection of the limit cycle and the isochron on which x also lies, then τ(y) = τ(x).

We define τ(y) with respect to the time t (in seconds) it takes for the state point to travel

from the point which attains maximum membrane potential value (occurrence of the action

potential) to the point y. We express the phase as a proportion of N , the intrinsic oscillator

period (τ(y) = t/N ).

There are many factors that make the BVP oscillator a faithful model of living pacemaker

neurons. We consider here only one, the existence of a slow manifold. The state point moves

slowly near the equilibrium point and on the right branch of the X -nullcline (Ẋ = 0), so that

isochrons there are packed densely. We call this the slow dynamics region, and it corresponds to

the sub-threshold behavior of the membrane potential. On the other hand, the state point moves

quickly along the bottom and the top of the limit cycle and isochrons are therefore sparse. We

call this the fast dynamics region, and it corresponds to the entire action potential. Note that

the middle branch of the X -nullcline plays the role of threshold in the phase plane. Hence, the

BVP oscillator has a “spiky” portion and a sub-threshold one.
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A B C

Figure 25: Phase transition curves (PTCs) for Bonhoeffer-van der Pol (BVP, A), the radial
isochron clock (RIC, B), modified RIC (mRIC, C) models. Stimulus amplitudes were 1.0, -1.2,
and -1.2, respectively.

Consider a pulse stimulus of intensity A; if a single one is applied, the state point x is

moved horizontally by an amount A to a perturbed point x ′. Since the pulse is hyperpolarizing,

the displacement is towards positive X . The relation between x and x ′ is represented by the

stimulus map ϕ, i.e., x ′ = ϕ(x). The closed curve in the figure is the image of the limit cycle

by the map ϕ and is called the perturbed cycle. Consider now the point xret on the limit cycle,

such that it and the perturbed point x ′ are on the same isochron. The relation between x ′ and

xret is the map φ, i.e., xret = φ(x ′). It is evident that the stimulus triggered the transition from

the old phase τ(x) to the new phase τ(xret). We call the relation between the old phase and

the new phase the basic phase transition curve (BPTC). This BPTC has advantages, apart from

it always being possible to estimate experimentally. For example, when the BVP oscillator

is being driven periodically with period I , the PTC (which is the graph where the phase of

application of the (n + 1)-th stimulus’ is plotted against the phase where the n-th stimulus is

applied to the oscillator) is obtained by shifting the BPTC vertically by I .

Figure 25(A) illustrates one example of the PTC of the BVP oscillator, and 26(A) presents

a 2-dimensional bifurcation diagram for the periodically stimulated BVP oscillator, where the

abscissa is the normalized input period and the ordinate is the stimulus intensity. Regions

numbered “1” are locked responses where the driven oscillator’s period is 1. It means that every

stimulus reaches the system at the same phase. It also corresponds to the existence of a fixed

point on the PTC. Regions numbered “2” are period 2, where that two phases of stimulus arrival
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Figure 26: Arnol’d maps for Bonhoeffer-van der Pol (BVP, A), the radial isochron clock (RIC,
B), modified RIC (mRIC, C) models, showing locking regions in the (I, A) plane.
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alternate. This corresponds to a periodic point of period 2 on the PTC. Similarly for 3, 4 and

5. In the white and non-numbered regions are locked responses with period over 5. Others are

quasi-periodic as their PTC’s are single valued and monotonic. They appear below the critical

intensity A = 0.03. It is possible that certain responses in the non-numbered regions with

A > 0.03 can be chaotic. Indeed, they look complicated and their PTC is non- monotonic.

Although we illustrate only one intensity in 25 (A), the PTC form is roughly the same for

a wide intensity range. In other words, the PTC form is not too sensitive to input strength.

Because of this, many boundaries of locked regions have almost vertical portions. Hence, in a

broad range of amplitude, similar responses occupy similar portions of the abscissa.

5.2.2 The modified RIC model and its responses to periodic pulse train

We now propose another simple model of the driven pacemaker cell, namely the modified Radial

Isochron Clock (mRIC). The original RIC model has a unit circle limit cycle and a state point

that rotates at constant angular velocity and produces a sinusoidal wave along ongoing time.

[71] studied the response characteristics of the RIC to periodic pulse trains. The mRIC, like the

BVP oscillator, exhibits both slow and fast dynamics. Figure 27 illustrates a limit cycle with

isochrons of the modified RIC. The shaded portion has slow dynamics with dense isochrons

and the rest has fast dynamics with sparse isochrons. Thus, in the mRIC, the time course of the

membrane potential Vm goes through a spike-like phase and a sub-threshold-like phase, similar

to pacemaker neurons.

We now consider periodic hyperpolarizing pulse stimuli. The perturbed cycle can be ob-

tained by the horizontal translation of the limit cycle to the left by the stimulus intensity |A|.
The form of the BPTC and the 2-dimensional bifurcation diagram of the original non-spiking

RIC are changed as follows.

Figure 25(B) and (C) illustrate the BPTCs of the RIC and the mRIC, respectively. The spiky

dynamics of the latter reproduce some features noted for the BVP oscillator; for example, the

PTC has a gradual slope segment for a wide interval of the old phase and steep slope segments

for narrow interval for a wide range value of intensity. The PTC form is not too sensitive to

stimulus intensity for most phases.
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Figure 27: Phase plane diagram for the modified radial isochron clock (mRIC). Limit cycle,
fast and slow dynamics regions, perturbing input A, and a perturbed limit cycle are indicated.
Other, radial lines are isochrons.
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Figure 26(B) and (C) illustrate 2-dimensional bifurcation diagrams of the original RIC and

mRIC, respectively. Their bifurcation structures differ clearly. Note that the unity intensity is

a critical value for both the RIC and mRIC; the PTC is non-monotonic above 1 and monotonic

and invertible under 1.

When |A| > 1, we observe in the mRIC mainly period 1 and 2 regions; other higher period

locked responses, perhaps chaotic ones, can occur only in very small areas. In the mRIC, the

period 1 and 2 regions predominate also; however the higher period and possibly chaotic regions

are relatively much larger.

When, on the other hand, |A| < 1, both exhibit up to period 5 lockings, and in the white

region, higher-order lockings and quasi-periodic responses (without chaotic regions). However,

the regions occupied by the lockings up to period 5 are larger and distributed differently.

5.3 A short summary

The modified RIC model has a fully neuron-like trajectory with both spiky and sub-threshold

portions, as opposed to the classical RIC which just produces a sinusoidal wave. When stimu-

lated periodically with hyperpolarizing pulses, the mRIC dynamics are similar to those of the

BVP oscillator and both are good models of pacemaker neurons. It was concluded that the

existence in the mRIC and in the BVP oscillator of both slow and fast dynamics is an important

factor that makes both faithful models of living pacemaker neurons.

6 Conclusions

The problem addressed here — that of determining the computational principles of biological

neural networks — is significant in its complexity. This goes beyond the complex behaviors

discussed here, to their (presently unknown) implications for network function. Certainly, it

is clear that this view of neural activity demonstrates that interpreting data in terms of simple,

nondynamical models can lead to judgment of the behaviors as “paradoxical”; seemingly placing

the “blame” for this mismatch on the neuron rather than the models. If these behaviors have

any functional significance, then we must use better models.
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From our formal investigations, we can already conclude that the time course in the sub-

threshold voltage region of membrane potential, or the orbit where the slow dynamics lie in

the phase space of the dynamical system, plays an important role in the neuron’s decision of

interspike intervals in the response to periodic pulse stimuli. It is equally important for the

neuron to possess fast dynamics to generate an action potential.

This is a quantitative and formal approach to important biological and computational prob-

lems. Many of the results found so far are universal, seen in a wide variety of disparate systems.

This has been one of the major observations in the field of nonlinear dynamics. One conclu-

sion from this is that investigation of the problems posed here may require an interdisciplinary

approach, based on cooperation of well-knit, interdisciplinary teams of researchers.
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